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Abstract—Accurate modeling of on-chip passive components is
vital for reliable integrated circuit design. However, this is non-
trivial due to the inherent heterogeneity of the structures and
the wide range of material parameters involved. In this work,
we present a single-source boundary integral equation (BIE)
for modeling on-chip interconnects and passive elements. To
reduce the number of discretization elements — and thus the
number of unknowns — we construct a 3-D differential surface
admittance (DSA) operator for piecewise homogeneous cuboidal
and rectilinear polyhedral objects. Specifically, a novel method is
proposed to handle material interfaces efficiently. By combining
this new formulation of the DSA operator with the augmented
electric field integral equation, we obtain a framework that
enables accurate modeling and fast broadband impedance extrac-
tion of on-chip structures. The proposed approach is validated
through several numerical experiments, including important
applications such as metal-insulator-metal (MIM) capacitors, and
demonstrates excellent agreement with reference solutions while
significantly reducing computational cost compared to state-of-
the-art solvers.

Index Terms—3-D differential surface admittance (DSA) op-
erator, material interfaces, on-chip passives, piecewise homoge-
neous media, single-source boundary integral equation (BIE)

I. INTRODUCTION

HE demand for global connectivity has driven rapid ad-
vancements in communication systems and the rise of the
Internet of Things (IoT). This has led to increasingly complex
printed circuit boards (PCBs) and integrated circuits (ICs)
as devices shrink and operate at higher frequencies. Conse-
quently, signal integrity issues — stemming from, e.g., skin
effect, self-resonance and crosstalk [1] — which disrupt proper
circuit performance, become more prevalent. Hence, electro-
magnetic (EM) solvers have become essential for accurately
modeling and optimizing interconnects and passive elements,
making them critical tools in modern electronic design.
A plethora of full-wave solvers has been described in
literature. Generally they can be subdivided into two main
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categories. On the one hand, volumetric solvers tackle the
problem by meshing the full volume and approximating the
fields on this mesh. Some well-known types are the finite-
element methods (FEM) [2], volume integral equation (VIE)
methods [3]-[5] and the class of partial-element equivalent
circuit (PEEC) methods [6], [7]. On the other hand, boundary
integral equation (BIE) methods only mesh the surface of
the considered volumes, significantly reducing the overall
matrix size at the cost of higher computational complex-
ity. The Poggio-Miller-Chan-Harrington-Wu-Tsai (PMCHWT)
formulation [8] is a general method for simulating piecewise
homogeneous bodies, but struggles with good conductors due
to challenges in evaluating the Green’s function in conducting
materials subject to strong skin effect. Although techniques ex-
ist to mitigate this issue [9], the PMCHWT method still faces
challenges in the presence of high dielectric contrast [10].
Other methods, like N-Miiller [11], avoid these concerns but
may suffer from accuracy problems, especially for non-smooth
objects [12]. Alternative approaches remove material contrast
by replacing the material of an object with the background
medium and imposing a suitable boundary condition, of which
the surface impedance or Leontovich boundary condition [13]
is a well-known example. While effective for planar surfaces,
it is only valid as long as the dielectric contrast and radius
of curvature are sufficiently large [14]. The global impedance
boundary condition (GIBC) addresses these limitations [15],
[16], but faces difficulties with the accurate evaluation of
singular integrals.

In the realm of single-source BIE methods, the differential
surface admittance (DSA) operator has been described as an
alternative solution [17]. This operator facilitates replacing
the material with the background medium by introducing a
fictitious surface current density js on the object’s surface S,
as depicted in Fig. 1. The current density js is determined as
follows:

jo=fx (h—h)=(P-Poej=Yeh, ()

with e}, the tangential electric field on S and ) the pertinent
DSA operator. This DSA operator can be interpreted as the
difference between the Poincaré-Steklov (PS) operators P
and Py, mapping the tangential electric field on S onto the
rotated tangential magnetic field on S for the situations in
Fig. 1a and 1b, respectively. Initially formulated for 2-D sim-
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ulations, several approaches have been proposed in literature
to derive the relevant Y-operator. In [17], [18], analytical
expressions for the eigenfunctions of the considered 2-D
volumes are exploited in the derivation of the DSA operator.
An extension to arbitrary 2-D objects was developed based on
a contour integral method [19], requiring the Green’s function
inside the material. The authors of [20] expanded the latter
approach to composite 2-D volumes. More recently, an alter-
native methodology has been proposed for arbitrary polygons
based on the Fokas method [21]. This method proves very
efficient, as it entirely removes the need to evaluate Green’s
functions associated with the inner material. Moreover, in [22],
it is shown that combined dielectric and magnetic contrast
is accurately captured by employing rooftop basis functions
instead of pulse basis functions.

Over the last years, the DSA formalism has been extended to
3-D volumes, i.e., cylinders [23], [24] and cuboids [25], [26],
by leveraging the analytical expressions for the eigenmodes
of these objects. Alternatively, a surface integral method can
be adopted to derive the 3-D operator [27], relying on the
traditional Green’s function-based BIE operators.

However, so far, incorporating composite (3-D) objects
within the single-source BIE formulation remains challenging.
Current 3-D DSA formulations do not allow inclusion of
piecewise homogeneous materials, as sketched in Fig. 2a,
without introducing a surface current density at the interface
between the two homogeneous volumes V; and V. In [26],
infinitesimally small wires are used to connect the two ad-
jacent volumes, which introduces additional unknowns while
still requiring the current density on the material interface.
Furthermore, this method is limited to good conducting ma-
terials (o > we). The authors of [28] propose an alternative
approach. The junction problem is bypassed by introducing an
infinitesimally small gap between V; and V,. Next, they rely
on the Combined Field Integral Equation (CFIE) operator to
treat the material interface. This method also still requires a
surface current density on the material interface, resulting in
additional unknowns. Moreover, the CFIE operator demands
non-trivial testing procedures and is also computationally more
expensive compared to alternative formulations such as the
Electric Field Integral Equation (EFIE) [29].

Therefore, in this work, we present a new 3-D DSA-
operator-based method to accurately and efficiently model
piecewise homogeneous cuboidal and rectilinear polyhedral
objects, which constitute on-chip interconnects and passive
components. The proposed technique does not introduce sur-
face current densities on the inner material interfaces, thereby
significantly reducing the number of unknowns. Moreover,
it remains compatible with traditional single-source EFIE
formulations.

The remainder of this paper is organized as follows. Sec-
tion II derives the DSA operator for a piecewise homogeneous
cuboid, starting from the entire domain basis function (EDBF)
expansion proposed in [26]. Section III extends this formu-
lation to piecewise homogeneous rectilinear polyhedra. In
Section IV-A, we briefly discuss the generalization to arbitrary
piecewise homogeneous volumes. Section V describes how the
DSA operator is integrated with the EFIE to solve the exterior
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Fig. 1. Geometry of the problem: (a) Homogeneous volume V with boundary
surface S placed inside a background medium. In (b), a surface current j; is
introduced on S and the inner material is replaced by the background medium.
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Fig. 2. Geometry of the problem: (a) Piecewise homogeneous volume V =
V1 UVs with boundary surface S placed inside a background medium. In (b),
a surface current js is introduced on S and the inner materials are replaced
by the background medium.

problem. Following the theoretical derivations, Section VI
presents a thorough validation of our novel method against
state-of-the-art solvers, demonstrating its accuracy and effi-
ciency. Moreover, its applicability is highlighted by extracting
the broadband impedance response of state-of-the-art on-chip
metal-insulator-metal (MIM) capacitors. Finally, Section VII
concludes the paper.

II. DSA OPERATOR FOR PIECEWISE HOMOGENEOUS
CUBOIDS

A. Entire Domain Formulation for Homogeneous Cuboids

In the general definition of the Y-operator (1), the
PS operators P and Py, corresponding to Fig. 1a and 1b re-
spectively, are continuous. By expanding the tangential electric
and magnetic fields on S in basis functions, the PS operators
become matrices relating the expansion coefficients of the
rotated tangential magnetic field to those of the tangential
electric field. For homogeneous cuboidal objects, dedicated en-
tire domain basis functions (EDBFs) were introduced in [26].
These EDBFs stem from the field expressions for the trans-
verse electric (TE) and transverse magnetic (TM) modes of
a cuboidal cavity. The relevant expressions are concisely
repeated below for convenience. The reader is referred to [26]
for more details. The TE and TM modes of a cuboidal cavity
with dimensions {l,, l,, [} are given by:
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ErmnpAy cos (Azx) sin (Ayy) sin (A.2)%  (2)
— KmnpAs sin (Azz) cos (A\yy) sin (A, 2)§
Az Az sin (Azx) cos (Ayy) cos (A.2)X 3)
+ Ay cos (Agx) sin (Ayy) cos (A, 2)§
— (N2 + )\3) cos (Azx) cos (Ayy) sin (X, 2)Z

eTE mnp =

hTE,mnp =

— A2z cos (Azx) sin (Ayy) sin (A.2)%  (4)
+ A Ay sin (Azz) cos (A\yy) sin (A, 2)§
+ (N2 + )‘?2;) sin (Azx) sin (Ayy) cos (A, 2)2
EmnpAy sin (Azx) cos (Ayy) cos (A2)k  (5)
— KmnpAz €08 (Az2) sin (Ayy) cos (A2 2)¥,

€T M, mnp =

hTM,mnp =

with A\, = mn/l,, Ay = nn/l,, \. = pnr/l. and
k2 np = A2 + A2 4+ A2, These modes are projected onto each
of the six faces of the cuboid since we are only interested in the
tangential component of the electric and magnetic field on S.
The resulting expressions all show a similar form, leading to

the following definition of the EDBFs for the cuboid:

fu,u(q,1) = sin (A\gq) cos ()\ll)i, (6)

where ¢ and [ can be z, y or z with ¢ # [, 1 is the unit
vector along the direction [ and w; is the subindex related to \;.
For example, if | = z, then 1=% and u; = m. The current
density js and tangential electric field e; on the top or bottom
face, perpendicular to the z-axis, are expanded in EDBFs as
follows:

€ = Z(afzpfmp(y’ Z) + a%pflhn(zv y)) (7)
np

Js = D (bnpfnp(ys 2) + b4 fnn(2,9)), ®)
np

with similar expressions for the other faces of the cuboid.
Collecting all the electric field expansion coefficients, such as
ar, and ay, , in (7), from all six faces into the column vector €;,
and similarly collecting the fictitious surface current density
coefficients, such as b7, and by, in (8), into the vector Js»
results in the following relation between both vectors:

Js=V-& 9

where the matrix ) is the sought-after discretized DSA
operator for a homogeneous cuboid expressed in terms of
EDBFs. This specific choice of basis functions enables an-
alytical determination of the elements of the discretized
PS matrices P and Py for the original and equivalent situa-
tion, respectively, and consequently also of ).

Fig. 3. Example of a piecewise homogeneous cuboid V' consisting of two
homogeneous volumes V; and Vo with wavenumbers k; and k2 respectively.
The surface of Vi is called St = Sg U Sp; similarly the surface of Vo
is defined as S2 = 802 U Sm,. The total cuboid V has a boundary surface
S=S8luS2.

B. Entire Domain Formulation for Piecewise Homogeneous
Cuboids

To deal with the challenges outlined in the Introduction,
we now derive a DSA operator for piecewise homogeneous,
cuboidal objects without introducing surface current densities
on the inner interfaces. Therefore, consider the piecewise
homogeneous cuboid V, shown in Fig. 3, with bounding
surface S = S! U §2. The homogeneous sections of ) are
called V; and V, with boundary surfaces S! = S! U S,
and §? = S§2 U S,,, respectively. The EDBF expansion of
the previous section is exploited to construct the sought-after
DSA operator.

In a first step, we impose continuity of the tangential
magnetic and electric field on the inner interface S,, between
the two materials inside V. On this interface S,,,, the EDBFs
of both volumes V; and Vs are mutually orthogonal owing
to their trigonometric nature. Therefore, the required field
continuity is straightforwardly enforced on a function-by-
function basis, explaining our choice of basis functions. To
this end, we collect the entire domain expansion coefficients
for the tangential electric field in column vectors &' and &2
and for the rotated tangential magnetic field in column vectors
h! and h?, for V; and V, respectively. This yields:

h' =P's!

(10)
(1)

h? = 73262,

where 751 and 752 are the PS matrices for the homoge-
neous volumes V; and Vs respectively. To clearly distinguish
between the tangential electric field expansion coefficients
associated with the inner material interface S,, and those
related to the other faces S! (i = 1,2) of the cuboids, we
may collect them separately in the column vectors & and
&° (i = 1,2), respectively. Following a similar procedure
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for the rotated tangential magnetic field expansion coefficients
allows us to cast (10) and (11) in the following block-matrix

form:
|:l_11’0 751,00 =1,om él,o
= = | _ | 12)
hl,m:| Pl,mo Pl,mm |:el,m:| (
|:}—12,0 752,00 732,0771 6270
p = | _ _ - 13)
h2,m,:| /PZ,mo ,ﬁQ,mm |:e2,m:| ) (

where the elements of the PS matrices P and P are
ordered accordingly, leading to the 2 x 2 block structures.
Each block is denoted by a superscript that is both appropriate
and self-explanatory. Using the same number and ordering of
EDBFs to expand the rotated tangential magnetic fields 1 x h;
and i x hy (associated with V; and Vs respectively) on the
interface S,,, the field continuity condition is expressed as:

:l,mo_LO

— — =1,mm_
hlﬂn, h2,m P el,m P
:2,m0_2¢0

=2,

+P "M P
=0, (14)

where the plus sign in the Lh.s. of (14) stems from the fact
that the outward pointing normal vectors i, pertaining to V;
and Vs, point in opposite directions on S,,. Similarly, using
also the same number and ordering of EDBFs to expand the
tangential electric field, continuity at the interface S,, leads
to 8" = el = &2™. Consequently, (14) reduces to:

=1,m

(P

=2,mo_

m =2,mm. _ =1,mo_
+P7 )" +P T e+ P 80 =0. (15)
As stated before, our goal is to derive a DSA operator for
the entire volume )V without introducing unknowns on inner
material interfaces S,,,. To this end, we eliminate dependencies
on " by first rewriting (15) as:

=1,mo :27m0é2)0

&= -4 (P 4P ), (16)

where A = (751’mm +752’mm). Note that (16) expresses &
as a weighted sum of &!° and €2°, i.e., owing to the specific
choice of EDBFs, the expansion coefficients of the tangential
electric field on the common surface S, are readily expressed
in terms of the expansion coefficients of the tangential electric
field on the other surfaces S} and S2 of V; and V, respectively.
Second, introducing (16) into the top rows of (12) and (13)
and collecting the results yields:

hte] P P [e-
= e ]

with

4

7511 _ ﬁl,oo _ 7El,omf:l—l,]sl,mo (18)
=1l,om =—1 =2,mo

Pi=-P A P (19)

Por =P AP (20)

= =2,00 =2,om =—1 =2,mo

Pp=P P A 1)

The PS matrix Py, is subdivided in four blocks P;;
(i, = 1,2), mapping the electric field expansion coefficients
pertaining to SJ and collected in &° onto the the rotated
magnetic field expansion coefficients pertaining to S and
collected in h*°. P, is thus the sought-after PS matrix of
the original, piecewise homogeneously filled, volume V.

Following a completely analogous procedure for the equiv-
alent situation, where all materials inside V are replaced with
the background medium, results in the PS matrix 7507750,5. The
new DSA operator, discretized using EDBFs, for V is now
found as:

ytot = Ptot - PO,tota

which contains all the information required to determine
the expansion coefficients of the surface current density j, on
S = S} US? while accounting for the piecewise homogeneous
character of V and without the need to explicitly introduce a
surface current density on the material interface S,,.

(22)

III. DSA OPERATOR FOR PIECEWISE HOMOGENEOUS
RECTILINEAR POLYHEDRA

Building upon the novel formulation of the previous sec-
tion, we now enhance it to deal with general piecewise
homogeneous, rectilinear polyhedra, of which an example
is provided in Fig. 4. The procedure of Section II relies
on the mutual orthogonality between the EDBFs on the
interface surface S,,, = S%l = an. However, for an arbitrary,
piecewise homogeneous, rectilinear polyhedron, this is not
generally valid since S}, = S, and S2, = S. U S; may have
different dimensions, as is the case in Fig. 4. This results
in EDBFs that have different function domains and are not
mutually orthogonal. Therefore, in this section, we propose a
procedure that leverages suitable basis transforms to construct
the DSA operator for the entire volume V.

Consider the two rectangles presented in Fig. 5, representing
S} and S2,. The original sets of EDBFs oriented in the z-
direction are defined according to (6):

S}n : fnlyPl (ya Z) =sin ()‘yl (y - yO)) (23)
~cos (A, (2 — 20))2
Sgl C 8naps (U, 2) =sin (Ay,y) cos (A,, 2)Z, (24)

with Ay, = nim/ly,, A1 = p17m/l,, and similar expressions
for Ay, and A.,. The expressions for the y-oriented EDBFs
on these surfaces have an analogous form and will not be
discussed separately. We denote the area where S}, and S2,
overlap S, = S}, NS2, = 81, i.e., the material interface, and
the difference is denoted S; = S2,\S;,. To construct a set of
mutually orthogonal EDBFs on the material interface S., we



IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES

,,,,,,

,,,,,,

S? Si S

o

Fig. 4. Example of a piecewise homogeneous, rectilinear polyhedron V
consisting of two homogeneous volumes V1 and V2 with wavenumbers k1
and ko respectively. The surface of V; is called S' = S} U Sc; the surface
of Va is S? = §2USyUS.. The total polyhedron V has a boundary surface
S=8lus2us,.

20 + lZl
=2z

20

Yo + ly1 ly2 Yy
=0

Fig. 5. Two-dimensional cross-section of the material interface for the
example provided in Fig. 4. S}, = Sc and S2, = S. U S are the faces of
V1 and Vs, respectively, on which the material interface S, is located. The
dimensions of S}, and S2, are {ly,.l-; } and {ly,.lz, }. The point (y0,20)
represents the origin of S,., expressed in the coordinate system of S2,

replace the original set of EDBFs (24) on S2 by two new
sets. The first set is equal to (23) on S, and zero on Sy:

fn/z’pQ( ,2), if (y,z
if (y7 Z) € Sd

A (25)
d”'z’Pé”’sz Eno ;D2 (y’ Z) .

g;;,p; (y,2) =

The second set is equal to (24) on Sy and zero on S.:

. 0 e es,
gn// py\Ys2) = sin (52 i Ty) cos (’ﬁ: 2)z, if (y,z) € Sq
(26)

Z dn” ”’ﬂszg’ﬂz,Pz (y7 Z)

na2p2

As indicated, both sets may be derived from the original
set (24) by applying an appropriate basis transformation.
The corresponding coefficients, ¢y prn,p, and duyprn,p,, are
determined by computing the pertinent inner products. These
inner products for the two faces presented in Fig. 5 are given

by:

Cnyphnaps = <g’l(’zbl2,pé’ gnz,p2>c =
ffSc gflévp,z (y7z) " 8na,p2 <y7 Z) dydz @7
ffggn &na,p2 (y’ Z) * 8na,pa (y7 Z) dy dz’
d
dn”l’””2p2 = <gn’2’,p’2’7 gn27P2>d =
fde gnz Pz Z) " 8na,p2 (y7 Z) dydz 28)

s 2) " B pa (Y z)dydz’

ff52 8no ,pz

where the denominator is a normalization constant to ensure
that ¢, 4PhM2p2 5"2,71'2 6102,172 and d””P”nzm = 6”27#2'6172,17'2'
in the 11m1t1ng case of S, = S. = S2. Owing to the
trigonometric forms, analytical expressions are found for (27)
and (28), and provided in Appendix A. Similar expressions for
the other faces, with other orientations, are also readily found.

Using the analytical forms of (27) and (28), we can now
readily construct transformation matrices C' and D collecting
these coefficients, so that:

éQ,m

E2,m —

=2,m N =2,m
e +D- &y

. Bivm + 5 . hfl’m,

(29)
(30)

Qi Qu

where:

« the vectors ™ and h®>™ contain the expansion coeffi-
cients of the tangential electric field and rotated tangential
magnetic field on S,,, corresponding to the original set of
EDBFs (24), as before;

« the vectors €™ and h?™ contain the expansion coeffi-
cients of the tangential electric field and rotated tangential
magnetic field on S, corresponding to the set of basis
functions (25);

« and the vectors &, and h;™ contain the expansion
coefficients of the tangential electric field and rotated
tangential magnetic field on S; corresponding to the set
of basis functions (26),

respectively.

Subsequently, using a similar methodology as described in

Section II, we impose continuity of the tangential magnetic
field on S,:
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— = — = 1,mo
hl’m+CTh2’m:P —1m+7) =1,0
= =2,mm = 2,mm =
+CTP " g 4 OTP " D™
CT'PQ 7n0_2 °

=0. 3D

Assuming that, after performing the basis transformation, V;
and V5 have the same number of EDBFs on the interface S,
and imposing continuity of the tangential electric field on S,
ie,em=glm= é2 ™ results in:

=/—1

e =—A - (32)

=1,mo = =2,mo = =2,mm = m
(P CTPT e+ CTPT D™,

+ TP
&2™ as a weighted sum of &'

where A = (7517m
presses 8™ = gb™ = @2
and e2 ™ ie., the expansion coefficients of the tangential
electrlc field on the common surface S, are expressed in terms
of the expansion coefficients of the tangential electric field on
the other surfaces 501, 802 and Sy. Just as in Section II, by
leveraging (32), the dependence of the expansion coefficients
for the rotated tangential magnetic field at S on the expansion
coefficients for the tangential electric field at the interface S,
is eliminated, resulting in the following structure for the PS
operator of the total volume V:

) Equation (32) ex-
2 o

h'- 7?11 7?12 7?13 gho
5122’0 = |Pa1 Paa Pas|- éj’o (33)
hy™ P31 Psa Pas e;"
él,o
= 75tot 62 ° )
—2.m
eq
with
'ﬁll _ 751,0 _ ﬁl omA/—l =1,mo (34)
Pro=—P AT ETP (35)
513 _ =1, omA CT'PQ mm (36)
= 2 om = =/—1 =1, mo
Por = CA P (37)
7322 _ 52,00 =2, och OT'P2 ,mo (38)
Poy =P "D P CACTP" D (39)
Py = -DTP " CAT P (40)
P DT'P2 mo 1:) ,mch CT'PQ , Mo (41)
Pss=DTP """ D—DTF""CA T CTP "D, (42)
Note that in the limiting case of S, = S = 837, (33)

reduces to (17) since in this case C = I and D = 0. Piot 18
the PS matrix of V for the original situation presented in Fig. 4.
Using the same methodology but replacing the volume’s media
with the background medium, yields the PS operator 7507,50,5
for the equivalent situation. Combining Pior and 750,t0t allows

(a) (b)

Fig. 6. Example of a piecewise homogeneous, rectilinear polyhedron with
multiple material interfaces.

to construct the DSA operator Vior = Piot — Po.tor for
the rectilinear polyhedron V. Moreover, all matrix elements
involved in the construction of this new DSA operator are
available in closed-form, analytical expressions, enhancing its
accuracy and efficiency.

IV. EXTENSION TO ARBITRARY PIECEWISE
HOMOGENEOUS VOLUMES.

A. Multiple Material Interfaces

So far, our discussion focused on removing a single rect-
angular material interface within a given volume V. Never-
theless, the proposed method is readily extended to multiple
material interfaces. Consider the situation presented in Fig. 6a,
where the volume V = V; UV, U V3 contains two material
interfaces. In a first step, only the volume V' = V; U Vs is
considered. The relevant material interface is removed using
the procedure described in Section III. The resulting situation
is provided in Fig. 6b. The second step considers the total
volume V = V'UV5 with now only a single material interface,
which is readily removed employing the method described in
Section II.

Alternatively, both interfaces are eliminated simultaneously,
rather than handling them sequentially, by enforcing continuity
of the tangential electric field and tangential magnetic field
concurrently for both interfaces. This approach necessitates
only a single execution of the presented method, albeit at the
expense of an increased matrix size during computation. Con-
sequently, selecting the sequential or direct method involves
a trade-off between computation time and memory usage: the
sequential method takes longer but consumes less memory,
while the direct method is faster but more memory-intensive.
This trade-off will be illustrated in the numerical examples.

B. Arbitrary Shaped Volumes

While the derivations presented in Sections II and III
assume rectilinear interfaces, its core principles are not inher-
ently restricted to such geometries. The essential requirement
is that the PS operators for each homogeneous subvolume
be representable in terms of EDBFs, which is feasible for
canonical shapes, e.g., spheres and cylinders, but also for
arbitrary smoothly varying shapes through, e.g., spline-based
representations [30].

A key feature of our 3-D DSA operator construction is the
use of analytical expressions for the PS matrix elements, which
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are derived from the eigenmodes of the individual subvolumes.
While these are readily available for canonical geometries,
computing them for arbitrary smooth volumes is non-trivial
and/or computationally expensive. However, prior work [21],
[31] in 2-D has shown that DSA operators can be constructed
for arbitrary polygons without relying on eigenmodes. A
similar extension to 3-D, combined with our proposed method,
would enable the modeling of arbitrarily shaped, piecewise ho-
mogeneous volumes, significantly broadening the applicability
of our approach. This is presently under investigation.

V. SOLUTION OF THE OUTSIDE PROBLEM

Using the previously derived DSA operators, the original
problem is reformulated by replacing all materials with the
background medium, i.e., free space in our examples, while
introducing appropriate fictitious differential surface currents
on the outer surfaces of the object. This reformulated problem,
now defined entirely in the background medium, can be solved
using the EFIE. The EFIE, formulated under the assumption
of vanishing magnetic surface currents as expressed in (28)
of [32], is discretized via the Method of Moments (MoM),
employing rooftop basis functions that naturally conform
to the rectangular surface grid of the considered rectilinear
objects. However, the DSA operators Vit derived in the
previous sections are still expressed in terms of EDBFs. To
proceed with the MoM formulation, we project Viot onto
rooftop basis functions, yielding Y;.,, - A detailed explanation
of this procedure is provided in [26]. Note that, as is typical
for all single-source boundary element methods, the DSA
operator Yoot exhibits a dense matrix structure. Combining
the EFIE with the DSA operator, now both discretized using
rooftop functions, results in the following linear system:

(G+Yroop G Z) T =Yooy -G E,  (43)
with
Gi = / t4(r) - t,(')dS (44)
S
B - / ti(r) - el (r)dS (45)
zg fjwﬂo/ / I‘ I‘ j(r’)dS/dS (46)
jweo/ / Gr, ')V - ,(r)V' - t,(')dS'dS
e Jko\l‘ v’
G(I’ I') m, (47)

where e!, .(r) is the tangential electric field that is incident
on the considered object and t;(r) is the rooftop basis function,
defined according to [26]. Note that, in our formulation, the
Gramian matrix G of the rooftop basis is block-diagonal
with small, sparse blocks, enabling efficient computation of
its inverse without introducing a significant computational
burden, even for large-scale problems. Solving (43), yields
the sought-after fictitious surface current densities J, which
fully characterize the electromagnetic problem. To facilitate

15
2z [mm]
—15
A

Fig. 7.  Aluminum block (¢ = 3.77 X 107 S/m) with dimensions
60 mm x 30 mm x 30 mm. An artificial material interface is introduced
at x = —10 mm, dividing the block into two smaller blocks with dimensions
20 mm X 30 mm X 30 mm and 40 mm X 30 mm X 30 mm.

y [mm]

the computation of broadband impedance responses, the EFIE
formulation presented in (43) is reformulated using the aug-
mented EFIE approach [33].

VI. NUMERICAL RESULTS
A. Validation Examples

The first validation example considers a monolithic alu-
minum block (¢ = 3.77 x 107 S/m) with dimensions
60 mm x 30 mm x 30 mm. We introduce an artificial material
interface in this block, as depicted in Fig. 7, to verify the
accuracy of the newly proposed Y-operator in the limiting
case of a fully homogeneous cuboid. The reference solution
is obtained by modeling the entire block without artificial
interface and adopting the method proposed in [26]. (Note
thas this method [26] has already been thoroughly validated
through comparison with academic and commercial solvers.)
Possible coarse mesh effects are mitigated by setting the total
number of rooftops at 864. The number of employed entire
domain basis functions is set at {12,12,12} in the z-, y- and 2-
direction, respectively, for each individual block in Fig. 7. For
the reference solution [26], which considers the entire block,
the number of EDBFs is set at {20,15,15}.

A plane wave, propagating in the positive y-direction with
its electric field polarized along the vector p = (1,0,1) at
a frequency of 3.5 GHz, is incident on the aluminum block
of Fig. 7. The resulting bistatic radar cross-section (RCS)
in the zy-plane, as a function of the azimuth angle ¢, is
provided in Fig. 8. Additionally, the scattered electric field, on
a circle in the xy-plane with radius of one wavelength, i.e.,
8.57 cm, and centered about the origin, is observed. Fig. 9
provides the magnitude and phase of the scattered electric
field. For both the RCS and the scattered electric field, a
perfect agreement is observed between the method described
in this work and the reference solution [26]. This demonstrates
that the newly proposed approach, designed for piecewise
homogeneous volumes, retains its accuracy in the limiting case
of a fully homogeneous object.

We would like to clarify here that, for all our numerical
examples, the amount of EDBFs was chosen to be sufficiently
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Fig. 8. Bistatic radar cross-section in the xy-plane for a plane wave incident
on the aluminum block presented in Fig. 7. The plane wave is propagating in
the positive y-direction with the electric field polarized along p = (1,0,1)

at a frequency of 3.5 GHz.
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Fig. 9. Magnitude and phase of the scattered electric field, on a circle in
the xy-plane with radius of one wavelength and centered about the origin,
for a plane wave incident on the aluminum block presented in Fig. 7. The
plane wave is propagating in the positive y-direction with the electric field
polarized along p = (1,0,1) at a frequency of 3.5 GHz.

large to ensure accurate and reliable results. To illustrate this,
we set the number of EDBFs to {N, N, N} for the example
of Fig. 7 and compute the relative error of e,, averaged
across ¢, with respect to the results obtained using [26]. The
resulting plot Fig. 10 demonstrates that the error systematically
decreases with increasing amount of EDBFs. In this work, a
relative error of 106 was deemed adequate, and the chosen
number of EDBFs was selected to provide a safe margin
below this threshold, balancing accuracy with computational
efficiency. A general criterion or heuristic for selecting the
minimal effective number of EDBFs based on the desired
accuracy has yet to be established.

10" |
1072 |

1075 ¢

Average relative error

0 ) 10 15
N

Fig. 10. Relative error of e, averaged over ¢, between the proposed method
with {N, N, N} EDBFs and the reference results obtained using the method
from [26].
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Fig. 11. Polyhedron consisting of two different materials. The large block
with dimensions 30 mm x 60 mm X 60 mm is copper (o = 5.8 x 107 S/m).
The smaller block with dimensions 30 mm X 30 mm x 30 mm is a dielectric
(er = 4.0).

For the second validation example, we shift our attention to-
wards an actual piecewise homogeneous object with significant
material contrast. Consider the object presented in Fig. 11: a
piecewise homogeneous polyhedron composed of two distinct
materials. The two materials constituting the polyhedron are
copper (0 = 5.8 X 107 S/m) and a dielectric (e, = 4.0). For
this example, the mesh of our proposed method consists of 640
edges (and, thus, rooftop functions); the number of EDBFs is
set at {10,10,10} in the z-, y-, and z-direction, respectively,
for the dielectric block, and {12,15,15} for the copper block.
Our new method is compared with the wire approach of [26],
using the same number of EDBFs as our method, as well as
with CST Microwave Studio’s (CST MWS) frequency-domain
solver, a commercial solver based on the finite-element method
[34].

A plane wave propagating in the positive z-direction with a
y-polarized electric field at a frequency of 2 GHz, is incident
on the object of Fig. 11. The resulting bistatic radar cross-
section in the xy-plane, as a function of the azimuth angle ¢,
is depicted in Fig. 12. An excellent agreement is observed
between our proposed method and CST MWS, with only
slight deviations at specific angles due to the vanishingly small
scattered power levels. Furthermore, the solution obtained with
the wire method of [26] deviates significantly from the two
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Fig. 12. Bistatic radar cross-section in the xy-plane for a plane wave incident
on the object presented in Fig. 11. The plane wave is propagating in the
positive z-direction with a y-polarized electric field at a frequency of 2 GHz.

other solutions, clearly showing — as expected — that this
approach loses accuracy in the presence of non-conducting
materials. This shortcoming of the wire method underscores
the need for our novel approach to maintain precision and
validity. Additionally, for the same incoming plane wave, the
scattered electric field at a distance of one wavelength, i.e.,
14.99 cm, is observed in the xy-plane as function of ¢. Both
the magnitude and phase of the x- and y-component of the
electric field are provided in Fig. 13; the z-component is
not presented as its values are numerically zero due to the
polarization of the plane wave. For conciseness and readability,
only the CST MWS reference result is included. Once again,
a very good agreement is observed between our new method
and CST MWS, confirming that our method is accurate even
in the presence of a high contrast material interface.

To complete this section, Table I provides the peak memory
usage and computation time required to obtain the presented
results. The simulations for both our method and the approach
proposed in [26] were conducted using a single core on
a machine with a 1.8 GHz CPU and 16 GB RAM. The
CST MWS solution was obtained using a single core on
a machine with 2.1 GHz CPU and 64 GB of RAM. For
the first validation example of Fig. 7, our method exhibits
a computation time comparable to that of [26], with only
a slight increase in peak memory usage. This shows that
the additional computational steps in our approach introduce
minimal overhead while extending its applicability to a wider
range of scenarios. For the second validation example of
Fig. 11, it is clear that our method requires significantly less
computational resources than CST MWS. The computation
time is a factor 22 lower and the memory usage is decreased
by a factor 88. Moreover, our method was implemented in
Python without the use of specialized acceleration techniques
or efficiency-enhancing optimizations for the exterior problem
described in Section V.
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Fig. 13. Magnitude and phase of the scattered electric field, on a circle in
the xy-plane with radius of one wavelength, for a plane wave incident on
the object presented in Fig. 11. The plane wave is propagating in the positive
z-direction with a y-polarized electric field at a frequency of 2 GHz.

TABLE I
PEAK MEMORY USAGE AND COMPUTATION TIME FOR THE VALIDATION
EXAMPLES PRESENTED IN FIG. 7 AND FIG. 11.

Metric This work  CST MWS [26]
Fig. 7

Computation time [s] 49.0 - 48.3
Peak memory usage [MB] 136.6 - 105.8
Fig. 11

Computation time [s] 422 929.0 62.5
Peak memory usage [MB] 291.5 25680.9 127.6

B. Application Examples

1) Conductor With Right-Angled Bend: A first application
example is presented in Fig. 14, constituting a right-angled cor-
ner in a conductor consisting of two distinct metals, i.e., copper
(0 = 5.8 x 107 S/m) and tungsten (o = 1.8 x 107 S/m). To
determine the impedance of the corner, a unit current /7 =1 A
is injected into the tungsten part of the corner and extracted
from the copper part, as indicated on Fig. 14, and the po-
tential difference between both terminals is measured. The
total number of rooftop functions is fixed at 112. For the
situation shown in Fig. 14a, the number of EDBFs in the
x-, y- and z-direction is set to {12,12,12} and {12,15,12} for
the tungsten and copper block, respectively. In the alternative
scenario of Fig. 14b, the number of EDBFs is set to {12,12,12}
for each individual block.

In a first solution, we consider the single material interface
between the tungsten and copper and employ the method
described in Section III to resolve the material interface.
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Fig. 14. Right-angled corner consisting of two distinct metals. The smallest
block is made of tungsten (o = 1.8 x 107 S/m) and has dimensions 2 mm X
2 mm X 2 mm. The larger cuboid has dimensions 2 mm X 4 mm X 2 mm and is
made of copper (¢ = 5.8 x 107 S/m). A unit current I = 1 A is injected into
the tungsten block and extracted from the copper block, allowing to calculate
the impedance of the total corner. In (a), the single material interface between
the tungsten and copper is considered. In (b), a second artificial material
interface is added in the copper block at y = 0.

A second solution consists of adding an artificial material
interface in the copper block at y = 0 and using the method
described in Section IV-A to resolve both interfaces. We added
the artificial material interface in order to have aligning EDBFs
for both interfaces, negating the need to perform a basis
transform, but at the cost of having two material interfaces
instead of one. We validate both our solutions with the wire
method of [26], which still provides accurate results for this
configuration consisting of good conductors only.

Fig. 15 presents the magnitude and phase of the corner’s
impedance from 10 Hz to 1 GHz. At 10 Hz, the impedance
is dominated by the resistance since this frequency is too
low for any noticeable inductive effect, given the corner’s
dimensions. Additionally, at this frequency, using the well-
known formula for the skin depth, § = \/%, we find that
the skin depth is of the order 20-40 mm depending on the
specific conductor, indicating that the skin-effect has not yet
developed at this frequency. Consequently, the low-frequency
value of the impedance is verified using the DC resistance
obtained from a finite difference method (FDM) solving the
relevant Laplace problem. Observing the low-frequency range
of Fig. 15, it is clear that both proposed methods nicely
align with the FDM solution. When the frequency increases,
inductive effects become more noticeable and start to dominate
the total impedance, as observed for both the magnitude
and phase of the bend. For sufficiently high frequencies, the
magnitude has the expected slope of +20 dB/dec caused by the
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Fig. 15. Impedance response, magnitude and phase, of the right-angled bend
of Fig. 14 when a unit current is injected.

factor jwL in the total impedance, where L is the inductance
of the bend. Additionally, the phase approaches the expected
value of 7/2, confirming that the inductive effects dominate
the total impedance at increasing frequencies. Both proposed
solutions agree very well with the wire approach of [26] across
the entire frequency range, verifying the broadband accuracy
of our novel method.

As discussed in Section IV-A, the double interface problem
can be addressed either sequentially or directly, depending on
the available computational resources. Figure 16 presents the
percentage differences in computation time and peak memory
usage of the direct method relative to the sequential method.
In these simulations, the number of EDBFs for each individual
block was set to {N, N, N}. The results illustrate the trade-
off described in Section IV-A: the direct method achieves
shorter computation times but requires more memory, whereas
the sequential method does the opposite. No noticeable dif-
ference in the condition number was observed between the
two approaches. Both methods yield the results presented
in Figure 15, and the corresponding performance data are
reported in Table II.

2) Planar MIMcap: For our final application example, we
study a planar metal-insulator-metal capacitor (MIMcap), an
important topology adopted for on-chip capacitors in various
state-of-the-art applications [35]-[37]. An example of such a
capacitor is provided in Fig. 17. The capacitor plates and con-
tacts are made of copper (¢ = 5.8x 107 S/m) and the dielectric
is a high-k material, with a relative permittivity €, = 19.3 [38].
An adapted version of this topology is presented in Fig. 18,
featuring half the number of vias connecting the contacts to
the capacitor plates.

A unit current is injected into the first contact and extracted
from the second contact, as shown in Fig. 17 and 18. The
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Fig. 16. Percentage differences in computation time and peak memory usage
for the direct method relative to the sequential method, each using {N, N, N }
EDBFs.

W High-k diel.
ECu

Fig. 17. Planar metal-insulator-metal capacitor (MIMcap) consisting of copper
plates and contacts (o = 5.8 x 107 S/m) and a high-k dielectric (e, = 19.3)
with a thickness of 500 nm. All other dimensions indicated on the figure are
expressed in micrometer. The plates and contacts are connected using a total
of six copper vias, all having a 4 pm X 4 um cross-section. The two vias
connected to the top plate of the capacitor have a height of 5.5 um, the other
four vias have a height of 8 um. To calculate the impedance of the MIMcap,
a unit current I = 1 A is injected into the first contact and extracted from
the second one.
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Fig. 18. Planar MIMcap similar to the one presented in Fig. 17, but the
number of copper vias connecting the plates to the contacts has been reduced
from six to three.
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Fig. 19. Impedance response of the MIMcaps presented in Fig. 17 and 18
(blue and green line, respectively). The impedance of the shorted capacitors,
i.e., the loop impedance, is also provided for both situations (red lines).

impedance of both topologies is consequently determined by
taking the potential difference between both contacts. The
resulting impedances, as function of frequency, are presented
in Fig. 19.

For frequencies up to about 2 GHz, the capacitive behavior,
governed by 1/jwC, dominates the total impedance and both
topologies yield the same result. This is to be expected, since
changing the number of vias has negligible influence on the
total capacitance of the structure. Fitting Z = 1/jwC to our
obtained results, the capacitance of the MIMcaps is determined
to be 0.363 pF. We may validate this result using the analytical
value obtained for a parallel-plate capacitor:

o Aege,
pp d ’
with area A, plate spacing d and relative dielectric
constant €,. Using (48), we obtain a value of 0.344 pF which
approximates the value obtained using our numerical method.
The small difference is of course attributed to additional
fringing capacitance since the bottom plate has a larger surface
area than the dielectric and top plate, as observed in Fig. 17.
At higher frequencies, the impedance response of the capacitor
deviates from its ideal capacitive behavior due to the onset
of self-resonance, which arises from the parasitic inductance
inherent in the component’s physical construction [1]. The
self-resonance frequency is determined using

(48)

1
Jsrp = m,

where L and C' are the inductance and capacitance of the
structure, respectively. Using the self-resonance frequency val-
ues obtained from Fig. 19 and the previously determined value
for the capacitance of the MIMcaps, an estimate can be made
for the inductance of both considered MIMcaps. The estimated

(49)
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TABLE II
PEAK MEMORY USAGE AND COMPUTATION TIME PER FREQUENCY POINT
FOR THE RESULTS PRESENTED IN FIG. 15 AND FIG. 19.

Metric This work [26]

Fig. 15

Computation time [s] 8.7 (double interface: seq.) 49
6.8 (double interface: dir.)
5.6 (single interface)
169.8 (double interface: seq.)
199.7 (double interface: dir.)

296.7 (single interface)

Peak memory usage [MB] 101.3

Fig. 19
Computation time [s] 354.8 -
Peak memory usage [MB] 1716.7 -

inductances are 0.302 nH and 0.358 nH for the MIMcap with
six vias and three vias, respectively. As expected, reducing
the number of vias lowers the amount of parallel paths for the
current resulting in an increased inductance. On Fig. 19, we
also plotted the loop impedances, i.e., the impedance of the
structures when the dielectric is replaced by a copper plate.
These loop inductances are determined using our proposed
method. Starting from around 0.1 GHz, the inductive effects,
governed by the factor jwL, dominate the resistive part of the
total impedance. From the slopes of the curves, the inductances
are determined to be 0.302 nH and 0.358 nH for the case with
six and three vias, respectively, which exactly matches our
previously made estimates.

Attempts to simulate this structure using CST MWS were
unsuccesful, as the solver was unable to converge to a so-
lution due to the presence of the very thin dielectric layer
sandwiched between two thicker conductors. Additionally,
the high operating frequency, which results in a small skin
depth, combined with the high relative permittivity of the
dielectric, further contributed to the numerical instability and
computational challenges. For completeness, Table II provides
the computation times and peak memory usage per frequency
point for both presented application examples. Both our novel
method and the one proposed in [26] used a single core on
a machine with 3.0 GHz CPU and 16 GB of RAM. In the
first application example of Fig. 15, our method exhibits a
computation time comparable to [26], albeit with an increase
in peak memory usage. Nevertheless, the additional compu-
tational steps, and hence memory usage, render our approach
applicable to a much broader range of scenarios. The MIMcap
example of Fig. 19 demonstrates the versatility of the method
and it should be noted that around 80% of the computation
time is spent to construct the Green’s function matrix for the
outside problem, something for which numerous optimization
techniques have been proposed in literature. Consequently,
further computational performance improvements are feasible.

VII. CONCLUSION

In this work, we proposed a novel differential surface
admittance operator for the accurate modeling of complex,

piecewise homogeneous cuboidal structures. First, we derived
the operator for a piecewise homogeneous cuboid. Second, we
tackled general rectilinear polyhedra with a single material
interface. Third, we discussed how these formulations are
readily extended to allow an arbitrary amount of material
interfaces. In a final step, the DSA operator expressed in
entire domain basis functions is transformed to local rooftop
functions, allowing seamless integration with the EFIE to solve
the outside problem.

We provided a thorough numerical validation, comparing
our proposed method with state-of-the-art solvers. During
this validation, it was shown that our novel method is both
accurate and efficient for a broad range of material types.
Moreover, practical interconnect examples, e.g., a planar
metal-insulator-metal capacitor structure, were provided to
illustrate our proposed method’s ability to accurately simulate
state-of-the-art on-chip topologies.

Note that the presented work focused on the interior prob-
lem. Extensions to the exterior problem, e.g., embedding
objects into layered media and accelerating the solution via
the Fast Multipole Method (FMM) or Adaptive Cross Ap-
proximation (ACA), leveraging well-established methods, are
a part of future development.

APPENDIX A
ANALYTICAL EXPRESSIONS FOR THE BASIS TRANSFORMS

As mentioned in Section III, the inner products (27) and (28)
have an analytical solution, which we provide here. Moreover,
the keen reader will observe that the standard analytical
expressions contain a denominator which can become zero
for certain parameter combinations. These special cases also
have an analytical solution that is derived using standard
limit evaluation techniques. As in Section III, here we also
consider EDBFs depending on the y- and z-coordinates, but
the resulting expressions can be extended to other orientations
in a straightforward manner.

A. First Basis Transform

The first basis transform is determined by the inner prod-
uct (27) with its standard analytical solution provided by:

Cnbphnap, = <g$1’2,p’2ﬂ gnz,p2>c = a1817M, (50
4nkyi2 1,1y, pa
a1:2 N 2 l12uzy1l 2 ] 2 (51)
™ ((nQ yz) (n2 yl) )((pQ zl) (p2 22) )
By = sin (T2 (52)
lyz
(1) sin (7252 — (=1)7 2% sin (F7222))
22 Zo
"= sin(ﬂyonz)x (53)
Y2
. TP TZoP
((=1)% sin (=) = sin (=),
Zo 2o

The following cases encompass all relevant special cases in
which the denominator of (51) can become zero:



IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES

h}n o <g7c1’2,p’2’ gnz,p2>c = do€0Co
6 e 0
. c -
y llglzm <gn/2,pf2a Bnapa)e = 016101
2 I21
! liljzn_}0<grc7,’2,p’23 gn27p2>c = 27Tp2lzl 5141
2
. €0€1
lim C/ ’ =
n;4>%2"2<g”2*2’g"2*”>“ Am2panaly, L,
Y1
p’z%lzzi?
l 30
lim C/ /Ly = ="
nl — yam2 <gn2,p2 gng,p2>c 27Tn2ly2 lzz
2 lyy
P3,p2—0
. c _
Py 2
P pal2,
0=
T naly, ((p2l,)? — (p3l=,)?)
n n
€0 =2mnaly, cos (7Ty0 2) + 1y, sin (7ry0 2)
Y2 lyz
_ (w(y0+2ly1)n2)
" lyz
Co =(=1)7% sin (F7222) — sin (22)
z2 ZZZ
51 — nIQZ?Jl lyz
7T2p2l22 ((nzlyl )2 - (”élyz )2)
TZ0P2 . TZoP2
€1 =2mpal,, cos ( ) — lz, sin ( l )
zZ2 zZ2
2l
+ lzz sin (77(20 "l' Z1 )p2 )
22
G =(=1)" sin () —sin (F)
Y2 Y2

B. Second Basis Transform

The analytical expressions for the second inner product

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(28)

are found by performing similar calculations. The results are

given below:
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Just as for the first basis transform, the denominator of (68)
becomes zero when n; = ng and/or p; = ps. The following
equations cover all these relevant special cases:
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