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Abstract: Holograms are computable by superimposing zone-plate-like point spread functions
(PSFs), representing the distribution of light on the hologram plane. However, due to the
computational cost of large-scale holograms, it is difficult to compute them at video rates for
high-definition holographic displays. Recently, we proposed radial PSFs for holographic near-eye
displays [Appl. Opt.60, 8829-8837, (2021).]. Radial PSFs can speed-up hologram computations
for fixed viewpoints, but they are unsuitable for naked-eye displays with wide viewing angles
because of the reduced information in the PSFs. This study proposes blocked radial PSFs, which
can accelerate computations with radial PSFs, and windmill PSFs (rotational radial PSFs). Both
can be applied easily to holographic displays with wide viewing angles.

© 2021 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Computer-generated holograms (CGHs) are a technology for synthesizing holograms on a
computer, and by displaying CGHs on a spatial light modulator (SLM); it is possible to reconstruct
three-dimensional (3D) images that are comfortable for human stereoscopic perception [1–3].
Hologram-computation algorithms are mainly classified into point-cloud methods [4–16], polygon
methods [17–19], light-field methods [20–23], and layer methods [24–26]. In addition, in recent
years, deep learning has been used to infer CGHs directly [27–30]. In this study, we focus on
point-cloud methods. In those methods, CGHs can be calculated by superimposing point spread
functions (PSFs) that represent the light distribution on the CGH plane. Due to their simple
principles, point-cloud methods also can be applied flexibly to polygon, light-field, and layer
methods. CGH computations based on deep learning currently deal mainly with layer methods,
targeting holographic displays with fixed observing positions (e.g., near-eye displays) [31–37]. It
is worthwhile to speed-up computations of point-cloud methods so that they can be applied to
holographic displays with wider viewing angles in addition to near-eye displays.

The PSFs used in holographic displays have wide viewing areas, typically designed to observe
the reconstructed image from any angle, resulting in dense, zone-plate-like light distribution. In
this study, we call such a PSF an “entire PSF.” On the other hand, holographic near-eye displays
do not need to calculate the distribution of all the light, as is done with entire PSFs, because
the position of the viewpoint is fixed. By reducing the PSF light distribution computation to
eliminate light that is unnecessary for observation, we can thus speed up the CGH calculations.
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We have proposed three types of PSFs for near-eye displays: PSFs with horizontal parallax
only, cross PSFs, and radial PSFs [16]. Simulations and optical experiments have shown that
images reconstructed using radial PSFs are almost equal in image quality and depth of focus
to images reconstructed using entire PSFs [16]. Radial PSFs have a sparse optical distribution
than entire PSFs; thus, CGHs can be calculated faster. Radial PSFs can produce correctly
reconstructed images under the condition that the viewpoint is fixed, as is the case for near-eye
displays. However, when PSFs are applied to holographic displays with wide viewing angles,
part of the reconstructed image may be missing when the eye position is moved. In addition, the
structures of radial PSFs make it difficult to apply them to fast algorithms that compute CGHs by
dividing them into blocks, such as the phase-added stereogram (PAS) algorithm [11–15].

In this study, we propose two PSFs to solve these problems. One is a blocked radial PSF.
The other is a rotational blocked radial PSF, which can be applied to holographic displays with
wide viewing angles by calculating holograms while rotating the blocked radial PSFs. We call
rotated-blocked-radial PSFs “windmill PSFs” because they look like the rotating blades of a
windmill. In this study, we employ these PSFs with the wavefront-recording-plane (WRP) method
[8] and the PAS algorithm [11–15], and we evaluate their calculation speeds and image quality.
In section 2, we describe blocked radial PSFs and windmill PSFs. In section 3, we evaluate the
calculation speed and image quality of CGH computations using either the conventional or the
proposed PSFs, and we display numerical and optical reconstructions. Finally, we summarize
this work and provide future perspectives in section 4.

2. Proposed point spread functions: blocked radial PSF and windmill PSF

First, we summarize the fast computation algorithms for holograms used in this study. We
describe the proposed PSFs—the blocked radial PSF and the windmill PSF—subsequently.

2.1. Fast computation algorithms for holograms

CGHs can be generated by superimposing PSFs, representing the light-wave distribution on the
hologram plane of spherical waves emitted from object points. The complex hologram, H, in the
CGH plane can be written as

H(xh, yh) =

M∑︂
j = 1

Aj exp
(︃
i
2π
λ

rhj

)︃
=

M∑︂
j = 1

Ajuzj (xh − xj, yh − yj ), (1)

where i is the imaginary unit, M is the number of object points, λ is the wavelength, (xh, yh) are
the coordinates in the CGH plane, (xj, yj, zj) are the coordinates of the j-th object point, Aj is the
amplitude of the j-th object point, uzj is the entire PSF at zj, and rhj is the distance between an
object point and a pixel in the CGH plane. The entire PSF can then be written as

uzj = exp
(︃
i
2π
λ

rhj

)︃
≈ exp
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2π
λ

(︄
zj +

(xh − xj)
2 + (yh − yj)

2

2zj

)︄)︄
. (2)

If the resolution of the CGH is N × N, the computational cost of the CGH calculation
expressed by Eq. (1) is O(N2M). In this calculation, the superposition of PSFs is particularly
time-consuming. The Look-Up Table (LUT) method [4–7], the WRP method [8], and the PAS
algorithm [11–15] might solve this problem.

The LUT method reduces the computational cost by precomputing the PSFs in Eq. (1) and
storing them in the LUT. The WRP method introduces a virtual plane (the WRP) between the
object and the CGH and records the light from the object that falls onto the virtual plane using
Eq. (1). One then obtains the CGH by calculating the light propagation from the virtual plane to
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the CGH. We place the WRP close to the object being recorded, so the PSF radius in the WRP is
small, reducing the CGH computational complexity.

The PAS algorithm divides the CGH into small blocks of dimensions B × B and approximates
the PSF of each block by a plane wave. A single spectrum in the frequency domain can represent
the plane wave, which speeds up the CGH calculation. After the plane-wave spectra of all the
object points are superimposed in the frequency domain, the inverse Fourier transform for each
block is calculated to generate the hologram. If the frequency resolution is low for a block size of
B × B, the frequency domain is extended to a larger size of dimension S × S. After executing
the inverse Fourier transform on the extended block, we crop the B × B block from the extended
block and assign it to the corresponding hologram block. The PAS computational complexity is
approximately O

(︂
MN2

B2

)︂
, which speeds up the CGH calculation.

2.2. Proposed point spread functions: blocked radial PSF and windmill PSF

Radial PSFs were proposed to generate holograms faster by reducing the distribution of light
obtained from entire PSFs without affecting the observation when the viewpoint position is fixed
[16]. Figure 1(a) shows an example of a radial PSF; it has a continuous distribution of light
waves in the diagonal direction. However, this is incompatible with the PAS algorithm, which
divides the CGH into rectangular blocks to achieve fast computation. In addition, the calculation
of the diagonal positions of the light waves is troublesome. In this study, we, therefore, propose a
blocked radial PSF that solves these problems. The blocked radial PSF is formed from blocks, as
shown by the yellow rectangle in Fig. 1(b).

Fig. 1. Radial PSF and blocked radial PSF.

Figure 2 shows an entire PSF, a radial PSF, and the proposed blocked radial PSF together with
their focusing properties. The focusing properties refer to the intensity distribution at the focal
point of a PSF irradiated with a plane wave.

Fig. 2. Entire PSF, radial PSF, and blocked radial PSF.



Research Article Vol. 29, No. 26 / 20 Dec 2021 / Optics Express 44286

By calculating the entire PSF only where a mask function Mb is 1, we can generate a blocked
radial PSF. The mask function, Mb, of the blocked radial PSF shown in Fig. 2(c) can be expressed
as

Mb =

⎧⎪⎪⎨⎪⎪⎩
1, if case Mb

0, otherwise
, (3)

where “case Mb” in Eq. (3) can be expressed as|︁|︁|︁|︁nx − 1
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(4)

where nx and ny are the numbers of blocks on one side of the CGH. As shown in Fig. 1(b), bx and
by are the index of the block, s is the size of the block, α = L

2×s (where L is the width of the
blocked radial PSF), and β = Ny

Nx
(where Nx and Ny are the numbers of pixels in the CGH). By

changing L to an arbitrary size, we can change the amount of reduction of the light distribution in
the PSF.

Figure 3 shows the images reconstructed from CGHs generated using two of the PSFs in Fig. 2.
The number of pixels in the CGH is 2,048 × 2,048, the wavelength is 532 nm, the pixel pitch
is 3.74 µm, and the distance between the CGH and the 3D object is 10 cm. We used an Earth
model with 30,492 points as the 3D object. The reconstructed images focus on the land in the
upper left corner. The edge of the Earth is at the back of the 3D scene. Figure 3(a) is the image
reconstructed with the entire PSF. The Earth’s edge is out of focus, indicating that the depth of
focus is shallow. With the blocked radial PSF, the focusing properties are similar to those of the
entire PSF. We subjectively confirmed that the image reconstructed with the blocked radial PSF
has image quality and depth of focus close to Fig. 3(a). In Section 3, we will objectively evaluate
the image quality.

Fig. 3. Images reconstructed using two of the PSFs shown in Fig. 2. We adjusted the
contrast to make it easier to see the reconstructed images.

Radial PSFs work well on near-eye displays with a fixed viewpoint. However, when observing
an image reconstructed from a holographic display after moving the eye position to a wide
viewing angle, the problem occurs that some parts of the reconstructed images are missing.
Figure 4(a) shows reconstructed images observed from 2.0° horizontally and −1.0° vertically
from the center of the CGH, and Fig. 4(b) shows reconstructed images observed from 2.0°
horizontally and +1.0° vertically from the center of the CGH. The number of pixels in the CGH
is 8,192 × 8.192, the wavelength is 532 nm, the pixel pitch is 3.74 µm, and the distance between
the CGH and the 3D object is 50 cm. We used an Earth model with 30,492 points was used as
the 3D object. Compared to the entire PSF, the image reconstructed with the radial PSF has a
missing part, and the image contains additional noise.
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Fig. 4. Image reconstructed from a CGH observed from oblique angles: (a) reconstructed
images using the entire and radial PSFs, and (b) schematic diagram of the viewing position.
The contrast was adjusted to make it easier to see the reconstructed images.

To solve this problem, we propose a windmill PSF, in which a blocked radial PSF is rotated.
Figure 5(a) shows that the windmill PSF gives a blocked radial PSF rotated at a different angle for
each adjacent object point. As shown in Fig. 5(b), the radial PSF (and blocked radial PSF) can
correctly reconstruct a 3D image for angles where a light distribution exists (viewpoint 2), but a
3D image is not reconstructed from angles where a light distribution does not exist (viewpoint 1),
so the 3D image observed from this angle is not reconstructed correctly. In contrast, as shown in
Fig. 5(c), the windmill PSF rotates the blocked radial PSF for each object point, so if the object
points are dense, they are averaged and the PSF becomes like the entire PSF. Therefore, one of
the rays will be visible in viewpoints 1 and 2. As a result, the windmill PSF can reduce the loss
of the reconstructed image compared to the radial PSF (and blocked radial PSF).

By calculating the entire PSF only where a mask function Mw is 1, we can generate a windmill
PSF:

Mw =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1, if

|︁|︁|︁|︁nx − 1
2

− rx

|︁|︁|︁|︁ ≤ α ∧ |︁|︁|︁|︁ny − 1
2

− ry

|︁|︁|︁|︁ ≤ α ∧ |βrx − ry | ≤ α ∧ |βrx + ry − (ny − 1)| ≤ α

0, otherwise
.

(5)
Here, rx and ry can be written as
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s
−
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s
−
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2

⎞⎟⎟⎠ (6)

where θ is the rotation angle of the windmill PSF and R(θ) = ⎛⎜⎝
cos θ − sin θ

sin θ cos θ
⎞⎟⎠.

We preliminary investigated the rotation angle θ of the windmill PSF. We first evaluated six
different rotation angles for the windmill PSF: 10°, 15°, 20°, 25°, 30°, and a random rotation.
When calculating the next object point with a fixed rotation angle (10°, 15°, 20°, 25°, and 30°),
we use the new windmill PSF by adding the fixed angle to its previous angle. In the case of
random rotation, the windmill PSF of each object point will be rotated randomly. The resulting
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Fig. 5. Outline of a hologram calculation using a windmill PSF: (a) hologram generation
using the windmill PSF, (b) radial and blocked radial PSFs in viewpoints 1 and 2 in, and (c)
the windmill PSF in viewpoints 1 and 2. The reason why the size of each PSF is different in
(a) is that the light spreads differently depending on the distance of the object point. If the
object point is close to the hologram, the distribution of PSFs will not spread, and if it is far
away, the distribution will spread.

image qualities were almost the same, although the 10° rotation produced slightly better results.
We, therefore, used a 10° rotation subsequently.

In addition, the PAS algorithm is calculated by dividing the hologram into blocks and writing
the spectrum into each block. In blocked radial PSF and windmill PSF, the hologram is divided
into blocks, which makes it easier to apply the PAS algorithm. Since the positions of the
blocks are represented by Eqs. (4) and (5), we can calculate the hologram by combining PAS
with blocked radial PSF and windmill PSF by writing the spectrum to the blocks. In the PAS
calculation, we do not use any LUTs.

3. Results

We next compare the calculation speed and image quality of CGH calculations using the proposed
PSFs. We used point-cloud data and RGB–D images as the 3D objects. We used the operating
system Windows 10 Enterprise, an Intel Core i7-6700 CPU operating at 3.40 GHz, 16.0 GB
of memory, and the Microsoft Visual C++ 2019 compiler. Figure 6 shows the 3D point-cloud
data used in this study (the Earth and a merry-go-round). Table 1 shows the CGH calculation
parameters. Each object was 2 cm thick, and the sampling interval in the depth direction was
0.2 mm.

Figures 7 and 8 show the images reconstructed from CGHs calculated using the entire PSF,
the blocked radial PSF, and the windmill PSF.

Table 2 shows the calculation time when using each PSF. The speed-up factor is calculated as
(computation time when using the entire PSF)/(calculation time for each calculation method).
Table 2 shows that both the blocked radial PSF and the windmill PSF accelerate the calculation
speed further than conventional acceleration methods that use the entire PSF. In particular, when
applied to the PAS algorithm, we achieved a speed up of more than 160 fold.
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Fig. 6. Original 3D point-cloud data.

Table 1. Calculation parameters for CGH.

Number of pixels 2,048 × 2,048 [pixels]

Pixel pitch 3.74 [µm]

Wavelength 532 [nm]

Number of Object Points
Earth: 30,492 points

Merry-go-round: 95,949 points

Object thickness

Distance to CGH 10.0[cm]

Distance to WRP 0.5 [cm]

Line size (L) 256 [pixel]

Block size (s) 32 × 32 [pixels]

Fig. 7. Reconstructed images. (Object: Earth; reconstruction distance 10.20 cm from the
CGHs). We adjusted the contrast to make it easier to see the reconstructed images.
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Fig. 8. Reconstructed images. (Object: Merry-go-round; reconstruction distance 11.28 cm
from the CGHs). We adjusted the contrast to make it easier to see the reconstructed images.

Table 2. CGH calculation time.

Calculation method
Earth Merry-go-round

Calculation
time [s]

Speed-up
rate

Calculation
time [s]

Speed-up
rate

Entire PSF
Fresnel 201.8 1.0 676.9 1.0

WRP 10.9 18.5 30.6 22.1

PAS(B= 32, S= 128) 2.8 72.1 6.9 98.1

Blocked
radial PSF

Fresnel 84.0 2.4 274.9 2.5

WRP 6.4 31.5 15.8 42.8

PAS(B= 32, S= 128) 2.1 96.1 4.0 169.2

Windmill
PSF

Fresnel 86.1 2.3 282.0 2.4

WRP 6.6 30.6 15.8 42.8

PAS(B= 32, S= 128) 2.3 87.7 5.2 130.2

Table 3 shows the results of image-quality evaluations of the reconstructed images. We used
the peak signal-to-noise ratio (PSNR) to evaluate the image quality. For the blocked radial PSF
and the windmill PSF, the image quality is degraded compared to the entire PSF, but the PSNR
remains above 30 dB. Table 3 shows that the reconstructed images can be observed from the front
with little degradation even with the blocked radial PSF and the windmill PSF.

Next, we describe CGH calculations using RGB–D images. Figure 9 shows the RGB–D images
used in this study (a Papillon and a Buddha) [38]. Table 4 shows the parameters of the CGH
calculation. Each object was 2 cm thick, and the sampling interval in the depth direction was set
to 0.2 mm. The depth image thus represented the depth with 100 depth steps. We extracted pixels
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Table 3. Image-quality evaluation of the reconstructed image.

Calculation method
Earth Merry-go-round

PSNR[dB] PSNR[dB]

Entire PSF
Fresnel - -

WRP 37.4 44.6

PAS(B= 32, S= 128) 44.7 51.9

Blocked
radial PSF

Fresnel 34.2 42.0

WRP 35.4 42.9

PAS(B= 32, S= 128) 34.1 41.8

Windmill
PSF

Fresnel 34.6 42.5

WRP 35.0 42.2

PAS(B= 32, S= 128) 34.4 42.0

Table 4. Calculation parameters for CGH.

Number of pixels 2,048 × 2,048 [pixels]

Pixel pitch 3.74 [µm]

Wavelength
Red: 633 [nm]

Green: 532 [nm]

Blue: 450 [nm]

Number of object Points
Papillon: 786,432 points

Buddha: 786,432 points

Object thickness 2.0 [cm]

Distance to CGH 10.0[cm]

Distance to WRP 0.5 [cm]

Line size (L) 256 [pixel]

Block size (s) 32 × 32 [pixels]

from the RGB image corresponding to the pixels in the depth image, used them to generate the
point-cloud data, and then used the point-cloud data to calculate the CGH.

Fig. 9. Original RGB–D images [38].

Figures 10 and 11 show the images reconstructed from the CGHs using the entire PSF, the
blocked radial PSF, and the windmill PSF. In this study, we multiplied the RGB images by a
random phase. The reason for the use of random phases is as follows. We convert a complex
amplitude hologram obtained from a hologram calculation into a phase-only hologram for
simulation and optical reconstructions. Phase-only holograms requires that the object light
distribution on the hologram plane is uniform. If random phase is not used, the light distribution
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Fig. 10. Reconstructed images (Object: Butterfly; reconstruction distance 10.52 cm from
the CGHs).

on the hologram plane will not be uniform, and the correct reconstructed image will not be
obtained. By introducing a random phase, we have made the distribution of light on the hologram
plane uniform, so that a correct reconstructed image can be obtained.

Table 5 shows the resulting calculation times, which is the sum of the CGH calculation time
for the three separate colors. Table 5 shows that the blocked radial PSF and the windmill PSF can
accelerate the CGH calculation even when using RGB–D images. In particular, when applied to
the PAS algorithm, we achieved a speed up of more than 200 fold.

Table 6 shows the results of the image-quality evaluation of the reconstructed images. The
reconstructed images can be observed from the front with little degradation even with the blocked
radial PSF and the windmill PSF.

We next consider using the windmill PSF to expand the viewing angles of holograms. We
used the PAS algorithm (B= 32, S= 64) for the calculations and the rotatin angle of 10° for the
windmill PSF. Table 7 shows the parameters of the CGH calculation.

Figure 12 shows the images reconstructed from the CGHs created using each calculation
method, as observed from an oblique angle of 2.0° horizontally and −1.0° vertically from the
center of the CGH. Table 8 shows the results of the image-quality evaluation of the reconstructed
images. Figure 12 shows that when images reconstructed using the blocked radial PSF were
observed from an oblique direction, part of the image was missing. It contained additional noise,
while the images reconstructed using the windmill PSFs were similar to those reconstructed
using the entire PSF. The PSNR between the entire PSF and blocked radial PSF was 27.4, while
the entire PSF and the windmill PSF was 31.5 higher than the former case.

Lastly, we show optical reconstructions using the entire PSF-based holograms and the windmill
PSF-based holograms. We used a 532 nm laser, a Holoeye GAEA-2 as the SLM, and a Basler
acA1300-30 g camera. The whole section marked in yellow in Fig. 13 was moved along the z-axis
for the z-scan used for the 3D reconstruction. We used a rotating ground-glass plate to reduce
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Fig. 11. Reconstructed images (Object: Buddha; reconstruction distance 10.42 cm from the
CGHs).

Table 5. CGH calculation time. This calculation time is the sum of the CGH calculation
times for the three colors.

Calculation
method

Butterfly Buddha

Calculation
time [s]

Speed-up
factor

Calculation
time [s]

Speed-up factor

Entire PSF
Fresnel 5878.7 1.0 5757.2 1.0

WRP 217.1 27.1 257.4 22.4

PAS(B= 32,
S= 128)

36.3 161.9 39.8 144.7

Blocked radial
PSF

Fresnel 2675.3 2.2 2565.4 2.2

WRP 111.4 52.8 128.9 44.7

PAS(B= 32,
S= 128)

26.1 225.2 27.8 207.1

Windmill PSF
Fresnel 2628.8 2.2 2661.3 2.2

WRP 112.3 52.3 128.6 44.8

PAS(B= 32,
S= 128)

28.3 207.7 28.7 200.6

speckle noise. The experimental exposures were made with 33 ms exposure times, minimal gain,
and gamma= 1.0.

Figures 14 and 15 show the experimental results for the Earth and butterfly objects, which
were obtained 100 to 120 mm behind the SLM. The holograms were calculated using Fresnel
hologram calculations of Eq. (1) with the entire PSF and using PAS with the windmill PSF. The
image quality is almost equivalent for all the reconstructed images. In other words, we show that



Research Article Vol. 29, No. 26 / 20 Dec 2021 / Optics Express 44294

Table 6. Image-quality evaluation of the entire
reconstructed image.

Calculation method
Butterfly Buddha

PSNR [dB] PSNR [dB]

Entire PSF
Fresnel - -

WRP 31.8 27.1

PAS(B= 32, S= 128) 32.5 30.6

Blocked
radial PSF

Fresnel 32.2 30.4

WRP 31.5 26.9

PAS(B= 32, S= 128) 32.3 30.5

Windmill
PSF

Fresnel 32.3 30.5

WRP 31.6 27.1

PAS(B= 32, S= 128) 32.2 30.4

Table 7. Calculation parameters
for CGH.

Number of pixels 8,192 × 8,192

Pixel pitch 3.74 µm

Wavelength 532 nm

Object Points Earth: 99,330

Distance to CGH 50.0 cm

Fig. 12. Reconstructed images observed from an oblique angle: (a) reconstructed images
using the entire, blocked radial and windmill PSFs, and (b) schematic diagram of the viewing
position.
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Table 8. Image-quality evaluation.

Fig. 10

FigurePSNR [dB]

Entire PSF -

Blocked radial PSF 27.4

Windmill PSF 31.5

Fig. 13. Optical setup: (a) 532 nm laser, (b) half-wave plate, (c) pinhole, (d) lens, (e) beam
splitter, (f) Holoeye GAEA-2, (g) SLM driver via HDMI 2.0, (h) rotating ground-glass plate,
(i) Basler camera acA1300-30gc, and (j) motion stage.

the reconstructed images using different PSFs of the entire PSF and windmill PSF have similar
depth of focus.

Fig. 14. Optically reconstructed images using Fresnel hologram calculations of Eq. (1)
with the entire PSF (top row, Visualization 1) and using PAS with the windmill PSF (bottom
row, Visualization 2).

https://doi.org/10.6084/m9.figshare.16929133
https://doi.org/10.6084/m9.figshare.16929124
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Fig. 15. Optically reconstructed images using Fresnel hologram calculations of Eq. (1)
with the entire PSF (top row, Visualization 3) and using PAS with the windmill PSF (bottom
row, Visualization 4).

4. Conclusions

The radial PSFs we proposed in a previous study [16] can contribute to speeding up CGH
computations by reducing the amount of information from the amount contained in the entire PSF.
However, they can only be used for near-eye displays where the eye position is fixed. However, it
is difficult to use these radial PSFs with algorithms that compute CGHs by dividing them into
blocks, such as the PAS algorithm. Therefore, in this study, we have proposed a blocked radial
PSF that can be employed easily with such speed-up algorithms and a windmill PSF that can be
applied to holographic displays with wide viewing angles. The blocked radial PSF can further
speed-up conventional acceleration algorithms. The windmill PSF can expand the viewing area
by rotating the blocked radial PSFs while maintaining the speed up of the CGH computations.
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