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Abstract—Although first proposed a few decades ago, chirp-
based modulation has recently seen a surge of popularity as
a result of its application in the LoRa standard. Over the
past years, this key Internet of Things (IoT) enabler has been
well researched, and ever more advanced low-power wide-area
networks (LPWANSs) are being implemented across the globe,
based on this technology. As a result of this international acclaim,
multiple actors have invested efforts into implementing frequency
shift chirp modulation (FSCM), which is a more general term
for the open-source physical layer modulation protocol also
embedded in the LoRa standard, on software defined radio
(SDR) systems. However, while oversampling, advanced post-
processing and other digital techniques have led to significant ad-
vances in the technology’s capabilities and reliability, real-world
deployments of these SDR implementations have to overcome
the excessive computational cost associated to these techniques.
In response to this challenge, this paper examines several new
strategies for symbol detection methods operating on FSCM
signals, such as those employed in LoRa modulation, enabling
significant computational cost reductions. Examples of these are
integrating frequency correction in the dechirping procedure and
omitting the downsampling operation by using upsampled down-
chirps when processing the received samples. In comparison to
the standard detection method, computational efficiency gains
between 19 % and 36 % are achieved. Hence, applying the
methods presented in this work can yield significant reductions
in power consumption for real-world SDR-based FSCM systems
in state-of-the-art IoT deployments.

Index Terms—Internet of Things, Wireless Sensor Networks,
LoRa, Software Defined Radio, Detection

I. INTRODUCTION

In low-power wide-area networks (LPWANS), a vast amount
of new applications have been made possible by the emergence
of new Internet of Things (IoT) communication technologies.
Although other standards exist that often tailor to more specific
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use cases, LoRa [1], SigFox [2] and NB-IoT [3] have seen the
most adoption worldwide. The first of these, LoRa, provides
a very respectable range for the amount of power that it
consumes by sacrificing some of the achievable data rate. In
practice, this is achieved by applying frequency shift chirp
modulation (FSCM), also dubbed frequency shift chirp spread
spectrum (FSCSS) modulation, a technique that encodes in-
formation by varying the start frequency of linear chirps.
By encoding data in these chirp signals, thereby spreading
information over time and frequency, communication is made
possible at very low signal-to-noise ratios (SNRs). Various
published works provide very interesting overviews on the
application of FSCM in LoRa modulation [4]-[7]. Further-
more, given the especially large research landscape covering
the practical communication performance of LoRa, which
has featured indoor links [8]-[15], outdoor links [16]-[20],
season/weather dependency [21]-[24], network scalability [5],
[25]-[27] and more, it should be no surprise that also more
theoretical analyses of the underlying FSCM technology have
amassed much interest [28], [29].

Recent efforts to implement FSCM on software defined
radio (SDR) platforms have both relied on these analyses
and strengthened them through the capability of simulating
signal transmission and reception under specific conditions.
In fact, implementing L.oRa and/or other FSCM variations on
SDR has been the goal of both open-source projects [30]-
[32] and various scientific research efforts [33]-[37]. These
SDR implementations have given researchers the tools to more
deeply analyse link performance in challenging environments
[38]-[44] and achieve improvements on the current commu-
nication performance [45]-[51]. However, one aspect that is
more rarely highlighted is the computational cost of these
SDR-based receivers. While some researchers simply focus on
Nyquist-rate sampling, it has been shown that oversampling
provides very powerful capabilities for FSCM receivers to
correct sampling time offsets (STOs) and carrier frequency
offsets (CFOs) [50], [51]. Evidently, this does incur a distinct
computational cost, which is disadvantageous. This paper,
however, presents new detection strategies that significantly
reduce the amount of computational resources needed to
perform symbol detection for oversampled FSCM signals, and
thereby aims to combine the best of both worlds.
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A. Related Work

Although a lot of literature exists on LoRa modulation and
its variations, several related research papers published more
recently should be referred to in more detail as these specifi-
cally discuss low-complexity FSCM decoding algorithms that
correct for STO and/or CFO. On the one hand, in [36], a
Nyquist-rate receiving algorithm was presented that, as a first
in literature, also focused on attaining a low computational
cost. Owing to this goal, its computational efficiency indeed
appears to be very good. However, as the authors of [50] agree,
this algorithm leaves a lot of detection performance on the
table by limiting when and how time and frequency offsets are
corrected. In [50] and [51], on the other hand, better estimators
for STO and CFO are proposed, based on oversampling.
Both incorporate their estimation and correction methods in
a better performing detection algorithm. The main difference
between these papers is the computational cost associated with
refining the estimation of the STO and CFO. In fact, whereas
the authors of [50] state that a joint estimation of the STO
and CFO would be too complex for low-power end nodes,
this is precisely what the authors of [51] propose for their
most advanced algorithm version, stating that this solution
is more suited to implementation on base station hardware
and/or end nodes that have more computational power. Given
that their papers were published in a similar time frame, it
is our understanding that the authors of [50] and [51] were
conducting their work in parallel, without mutual awareness.
Hence, it is difficult to compare the overall performance of
the algorithm versions presented in these papers directly as
both were analyzed differently. However, assuming that the
bit error rate (BER) is given by half of the packet error rate
(PER), we see that applying the joint STO and CFO estimation
method proposed in [51] indeed provides a detection accuracy
performance benefit when compared to the method proposed
in [50], justifying its supposed higher computational impact.

B. Contributions

This paper presents several new versions of the detection
method for oversampled FSCM symbols. These novel methods
are significantly more computationally efficient than the state-
of-the-art methods featured in [50] and [51]. This is achieved
by combining operations in the detection procedure, employ-
ing memory for storing often used signals and leveraging
specific properties associated to oversampled FSCM signals.
In general, the computational efficiency gains achieved here
for symbol detection may give rise to a significant reduction
of the power consumption of the entire FSCM receiver since
trial detections make up the majority of the cost associated to
signal presence detection and synchronization procedures [50],
[51]. In addition to describing the newly proposed methods in
detail, this paper also contains practical and theoretical error
performance analyses, as well as updated computational cost
assessments for the proposed detection procedures, allowing
the direct comparison between old and new detection methods.
The paper compares each of these procedures in detail to
provide deep insight into how these methods work, how
computational efficiency gains are achieved and what the
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impact of applying certain strategies is on error performance,
setting the stage for potential future improvements by the
research community.

C. Outline

The paper is structured as follows. First, in Section II, fre-
quency shift chirp modulation itself is discussed, and relevant
waveforms are described. In contrast to most other literature,
this also includes details on the analog RF front end, and
a mathematical formulation for oversampled chirps, as both
are highly relevant to the methods described in this work.
In Section III, the standard FSCM symbol detection method
is described and summarized. This comprises an overview
of the full receiver architecture, as computational efficiency
gains are attainable at various stages of the receive algorithm.
The actual strategies for lowering the computational cost of
FSCM detection are presented in Section IV. This part of the
paper also provides an overview of the memory requirements
for each strategy. Next, in Section V, the newly proposed
detection procedures are compared to the standard one in a
practical BER analysis, and the error performance impact of
using signals that are stored in memory is theoretically deter-
mined. Section VI comprises two distinct computational cost
estimation efforts, which both clearly illustrate the efficiency
to be gained when applying the proposed strategies. Finally, a
conclusion completes the paper in Section VIIL.

II. FREQUENCY SHIFT CHIRP MODULATION

In FSCM, information is encoded in cyclically shifted
linear frequency chirps. More specifically, to encode a symbol
a € {0,..., M—1}, where M indicates the size of the symbol
alphabet, the complex baseband FSCM signal s(t,a) with
symbol duration T and power P, is used. This signal is
described by

s(t,a) = \/Psexp [1¢(t,a)], (1)

where
277(@%4—%%22) 0<t <7,
d)(tva) = ’ ° ’
o ((17%5)(M7a)+%}—22> o <t < T,
(2)
and
Ta = (1—a/M)Ts. 3)

The value for M is usually chosen as a power of two, with
the exponent being described by the spreading factor (SF) of
the modulation scheme, yielding M = 25F. Furthermore, M
is also related to the frequency swing B of the chirp through
M = BT;. Although its bandwidth is actually slightly larger
than B, the signal s(¢,a) can be assumed as being contained
in the frequency band [0, B] for large M values [29]. The
symbol energy in s(t,a) is indicated as E; = P,Ts.

Why this modulation is referred to as FSCM is perhaps the
most obvious when considering the instantaneous frequency
ft of the chirp introduced in (1). As a result of applying the
cyclic shift, f; starts at aB/M. During the symbol interval,
f+ increases linearly with slope B/T; until it reaches B.
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At this point, i.e. when t = 7., f; is reset to 0, and then
increases linearly with the same slope during the remainder
of the symbol period. A spectrogram of the FSCM signal that
encodes the symbol a is shown in the left pane of Fig. 2.
Assuming a sufficiently large value for M, the minimum
sampling frequency needed to represent s(t, a) digitally equals
B = M/T;. However, as will be outlined in the next section,
oversampling is required when the bandwidth of the analog
demodulation filter is larger than B. Hence, an oversampling
factor is introduced, indicated as K € Z,. As a result,
the sampling interval becomes equal to ﬁ = K +-. When
oversampling is applied (i.e. K > 1), the symbol period
T, contains N = KM samples and the complex envelope
sn[n, a] of the signal that represents the symbol « is described

by
sN[n,a]:s<n§8, ), 4

where n € {0,..., N —1} denotes the sample index and the
subscript N is used to indicate the amount of samples in one
symbol period. When no oversampling is used (i.e. K = 1
so that NV = M), it has been shown in [29] and [51] that the
resulting samples sy;[m, a] of s(¢,a) from (1) can simply be
represented as

2
sy [m, al \/>exp [3271' <M+;7\4>} 5

Note that there is no need to explicitly include the frequency
discontinuity at ¢ = 7, in this formulation.

III. STANDARD SYMBOL DETECTION

Several high-level journal publications have documented
how to detect FSCM or LoRa symbols [28], [29], [48], [51],
[52]. Most of these describe symbol detection at the Nyquist
rate, often based on the digital representation of FSCM signals
given by (5), or a variation thereof. However, for the purposes
of this paper, it is beneficial to take into account the entire
receiver, which includes both analog and digital signal pro-
cessing operations prior to the detection procedure. A block
diagram of the receiver operations is provided in Fig. 1.

Noisy Multiply with Analog ()
RF chlrp exp(— 2w Ft) filter
Sampling
r(t) — N/T, = rn[n]
TN shite (7] T [n]
rvln] = CFO cor- Digital Decimation s e[
N rection Af filter to M/T, M
. M-point Symbol ~
rp[m] —{ Dechirping — DI;T —| de}t]ection —a
Fig. 1: Block diagram of the standard symbol detection

procedure.
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Fig. 2: Spectrograms of the waveforms and noise, relevant for
non-oversampled detection. AWGN is indicated by the dark
blue area.

The received RF chirp signal consists of a useful signal and
additive white Gaussian noise (AWGN). The instantaneous
frequency of the useful signal takes values in the range
[Fo + AF, Fy + AF + B|, where Fy and Fy + B denote the
nominal values of the lowest and highest chirp frequencies,
and AF represents a deviation from these nominal values. This
deviation satisfies |AF'| < AFyax, Where F.x indicates the
maximum absolute value of the frequency deviation. As indi-
cated in Fig. 1, the noisy RF chirp signal is multiplied with the
local oscillator signal exp(—j27 F't), where F' = Fy — AFax.
The resulting signal is applied to an analog demodulation filter
with transfer function H,(f), which satisfies

|f| < B+ 2AF hax

1
o -{y 5h

with B, > B + 2AF,.x. Note that H,(f) does not distort
the useful signal component, irrespective of AF, with |AF| <
AF hax. This yields the complex baseband signal r(¢), given
by

; (6)

r(t) = s(t,a)exp [ 227 Aft] + w(t), (7)

where w(t) denotes a complex AWGN contribution with power
spectral density Ny, and where Af = AF + AF,.. is the
CFO between the received minimum chirp frequency Fy+ AF
and the demodulating carrier frequency F'. Because of the
particular selection for the local oscillator frequency F, the
frequency components of r(¢) are essentially in the interval
[AF + AFpax, AF + AFpax + B]. As AF + AF. > 0,
r(t) is not affected by DC offsets in the receiver. The signal
r(t) is sampled at a rate N/T;, = KDB. Although time
synchronization is a key challenge in the receive algorithm,
we will assume perfect timing; accurate algorithms for the
synchronization of FSCM signals have been presented in [50],
[51]. The sampling rate satisfies N/Ts > B + 2AF.x + B,
such that no aliasing of the noise occurs in the frequency band
[0, B 4+ 2AF %]

Next, frequency correction is applied to eliminate the CFO
before attempting symbol detection. This is achieved by mul-
tiplying the samples 7x[n] with exp {— 2oLt Af L:n | Whereas
Af should in reality be estimated, we will assume that its
value is known by the receiver to simplify the description of
the methods presented in this paper. At this point, the analog
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demodulation filter is complemented by a digital counterpart
which has passband [0, B] and much steeper transition bands.
The transfer function of this digital filter is approximated by
the following brickwall characteristic:

o P 1 0<f<B
Hd(eﬂ fTa/N):{O B<f<NT (8)

We assume that M is sufficiently large, so that the distortion
of the useful signal caused by the brickwall filter can be safely
ignored. The effect of a practical digital filter on the detector
performance will be illustrated in Section V. The signal at
the output of the digital filter is denoted ry f1s[n], with the
subscript N referring to the number of samples per symbol
interval. Next, 7 a1;[n] is downsampled by the factor K to the
sampling rate B to avoid dealing with oversampled signals in
the actual detection procedure. The resulting signal is indicated
as rpr[m], where the subscript M indicates that the number
of samples per symbol interval has been reduced to M. If
no noise would be present and perfect time and frequency
synchronization were indeed achieved, this signal would be
identical to sps[m, a], as introduced in (5).

The actual symbol detection procedure starts by dechirping
the decimated waveform 75;[m|. This involves multiplying
rar[m] with the down-chirp signal s%,[m, 0]. The latter signal
is the complex conjugate of the up-chirp signal sp;[m, 0] that
encodes a symbol value of zero. Assuming perfect synchro-
nization, it follows from (5) that the resulting dechirped signal
is given by

T'M,dech ] = Tar[m]sys[m, 0] €))

= P, exp {]QWQE} + Wt dech M) (10)

M

where the complex noise contributions wps dech[m] are statis-
tically independent with E[|wnas dech[m]|?] = NoBPs. Hence,
7'M, dech ] represents a sampled orthogonal M-ary frequency
shift keying (FSK) modulated signal. The dechirping of the
noisy received signal is illustrated in Fig. 2, which shows the
spectrograms of the relevant signals. As these spectrograms
are periodic in frequency with period B, only the frequency
interval [0, B] is shown. Next, the discrete Fourier transform
(DFT) of ras,decn[m] is taken. As M samples describe a full
symbol at this point, this transform is referred to as the M-
point DFT. The resulting DFT bins are described by

XM[Z] = .FM{T]VI}deCh[m}} = {Zgl\];s[l;— QJW[Z.] z ; Z ’
an

where ¢ € {0,...,M —1} denotes the DFT bin index and
Qprfi] is the M-point DFT of whs dech[m]. The complex
Gaussian noise variables );[¢] are statistically independent
with E[|Q/[i]|?] = M NoBP;. After dechirping and Fourier
transforming the received samples, the last step in the detection
procedure consists of determining the DFT bin with the largest
magnitude. The detected symbol & equals the index of this
largest-magnitude bin:
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a = argmax;eqo . a1y ([ Xmli]] ). (12)

The SNR experienced by the detector is given by the ratio of
the square of the useful component from (11) to the variance
of the noise contribution in (11):

(MP? _ B,
MNyBP, N’

where E; = P,T, denotes the received energy per symbol
interval. For a given Ej, the error performance of the standard
detector for FSCM is the same as with orthogonal M-FSK
modulation.

It should be noted that the symbol detection procedure
is not only essential for retrieving the data payload, but
also plays an important role in acquiring time and frequency
synchronization. For instance, the synchronization algorithm
presented in [S1] involves detections for several trial values
of the time delay and CFO estimates. It was found in [51]
that the standard symbol detection procedure is responsible
for about 98 % of the computational cost related to receiving
a FSCM packet. Hence, reducing the number of computations
in the detection method is expected have a strong impact on the
computational efficiency and associated power consumption of
the entire digital receiver / base station.

SNRget = 13)

IV. PROPOSED DETECTION METHODS

This paper proposes three strategies for reducing the com-
putational cost of the FSCM detection procedure. The first
strategy, outlined in Section IV-A, consists in integrating the
CFO correction and the dechirping into a single operation.
Next, in Section IV-B, the second strategy is proposed, which
involves symbol detection without downsampling. This sec-
ond strategy avoids the cost associated to downsampling,
at the expense of dechirping and Fourier transforming an
oversampled signal. Finally, Section IV-C describes the third
strategy, which benefits from storing repeatedly used signals in
memory rather than computing these signals each time they are
needed. These three strategies can be combined to minimize
the computational complexity.

A. Integrating Frequency Correction and Dechirping

In this strategy, we switch the order of CFO correction
and digital filtering, and integrate the CFO correction with
the dechirping process. First, the sampled demodulator output
signal ry[n] is fed to a digital brickwall filter with passband
[Af, Af + B], and the resulting signal is downsampled by a
factor K. The useful component after downsampling is repre-
sented as sps[m, a+AfTs), the expression of which is obtained
by replacing in (5) the symbol value a by a + AfT,. The
CFO correction (multiplication with exp [— ]27‘(%}) and
the dechirping (multiplication with s%,[m, 0]) are combined
into a single multiplication of the downsampled signal with
shr[m, AfTs). The operation of the integrated CFO correction
and dechirping is illustrated by the spectrograms from Fig. 3.
These are periodic in frequency with a period equal to the
considered sampling rate. As the signal obtained after the
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Fig. 3: Spectrograms of the waveforms and filtered noise,
relevant for detection with integrated frequency correction
and dechirping. Noise from ry[n] that is in [Af, Af 4+ B] is
indicated by the dark blue area. After downsampling, this noise
is projected to the dark blue area on the top right.

integrated CFO correction and dechirping is the same as
7M. dech[m] from (9), the detection is performed by applying
an M-point DFT and determining the index of the largest-
magnitude DFT bin, similar to (11)-(12).

B. Detection With Oversampling

We first assume that the CFO correction and the digital
filtering have been applied as in the standard detector strategy
from Section III, but here we compute the DFT bins X p;[i]
with ¢ = 0,..., M —1 from (11) as the first M bins of the N-
point DFT of the upsampled version of 7as decn[m]. Upsam-
pling 7ar,decn [ by a factor K yields the signal x5 dech,up|7],
which is defined as

TM,dech|m] k=0
0 k=1,2,..,K -1’
(14)

TN,dech,up[mK + k] = {

for m € {0,1,...,M —1}. Denoting the N-point DFT of
TN dech,up[P] bY XN up(l]. it is easily verified that

X upli + gM] = Xlil, 15)

for i = 0,....M —1 and ¢ = 1,..., K —1. Hence, for i =
0,..., M—1, X s[i] equals the first M bins of the N-point DFT
of 7N dech,up[1]. It follows from (9) and (14) that 7x dech,up[7?]
can be obtained as 7T dechup[?] = TN a1[N]SK [0, 0],
with sx up[n, 0] denoting the upsampled version of saz[m, 0].
Hence, the dechirped signal 7y dech,up[n2] results from multi-
plying rn fis[n] with the upsampled down-chirp signal.

A similar approach can be taken when the CFO correction
and the dechirping are combined. In this case, the rate-KB
signal at the output of the brickwall digital filter with passband
[Af, Af + B] is dechirped by multiplying with the upsampled
version shy o [n, AfTs] of s3,[m, AfTs]. Next, the N-point
DFT of the dechirped signal is computed, and the index of
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the largest-magnitude bin among the first M DFT bins is
determined.

An interesting interpretation of detection with oversampling
follows from the identity

1 K-1 N M—1
T2 T =) b (16)
k=0 m=0

with n = 0,...,N — 1. Considering the case where the
CFO correction takes place before the digital filtering, the
upsampled down-chirp signal sy [n, 0] can be written as

M-1
S?V,up[ﬂﬂo] = S?V[nao] Z 6n7mK
m=0
| K-l
* ko
= 2 2 sin,00e”T%, (17)
k=0
where sy [n,0] = s*(§7s,0) represents the oversampled

down-chirp signal. The second line in (17) indicates that the
upsampled down-chirp sy ,,[1,0] can be interpreted as 1/K
times the sum of K frequency-shifted oversampled down-
chirps. The k-th term in this sum represents the rate-KB
samples of s*(t,0)exp[s27kBt], i.e. the down-chirp signal
s*(t,0) which is shifted upward in frequency by an amount
kB. Hence, the proposed detection with oversampling that
uses the upsampled down-chirp signal s7; ., [n, 0] is equivalent
to performing dechirping by means of a sum of K frequency-
shifted oversampled down-chirp signals.

The spectrograms from Fig. 4 illustrate the effect of using
only the k-th term from (17) in the dechirping procedure.
After dechirping, the useful signal gives rise to frequencies
(k+%) B and (k71+ﬁ) B, in the first and second part,
respectively, of the symbol interval, whereas the spectrogram
due to the noise contribution is bounded by a parallelogram.
Actually, some leakage to other frequencies is also present,
but this effect is negligible for large M. The result of using
all K terms from (17) is displayed in Fig. 5, which is a
superposition of spectrograms of the type shown in Fig. 4,
for k € {0, ..., K —1}. Note that for k¥ = 0, the contributions
to the frequency band [—B,0] are aliased into the band
[(K—1)B, KB]. The resulting spectrogram after dechirping
is the periodic extension (with period B) of the spectrogram
from Fig. 2.

As we just need the first M bins from the N-point DFT,
only the frequency interval [0, B] of the spectrogram after
dechirping is relevant. We observe from Fig. 5 that the terms
from (17) that contribute to [0, B] are the terms with k = 0
and k£ = 1 (ignoring the small leakage caused by the other
terms). Hence, the summation in (17) can be safely limited to
these to terms. Fig. 6 illustrates the dechirping operation when
only the terms with £ = 0 and k£ = 1 are used. The part of the
spectrogram of the dechirped signal, limited to the frequency
interval [0, B], is, when ignoring small leakage, the same as
in Fig. 5.
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Fig. 4: Spectrograms of the (CFO-corrected) waveforms and
filtered noise relevant for oversampled FSCM detection when
considering the £ = 2 term from (17) with K = 4. AWGN
from 7y gnigg[n] that is in [0, B] is indicated by the dark
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Fig. 5: Spectrograms of the (CFO-corrected) waveforms
and noise relevant for detection with the upsampled down-
chirp chirp sy ,,[n,0]. Each frequency shift of s [n,0] in
SN upln, 0] is colored differently. Noise contributions after
dechirping are colored based on which frequency-shifted ver-
sion of s%[n, 0] the original (dark blue) noise contribution was
multiplied with.

C. Memory strategies

When assessing the computational cost of the detection
methods presented above, the applied memory usage strat-
egy may have a large impact on the results. For example,
the sample values for a down-chirp that is the same in
every detection attempt can be stored in memory instead of
being calculated, significantly improving the computational
efficiency of the detection procedure (assuming a digital
system where reading one chirp signal from memory is more
efficient than synthesizing its samples directly, which may
require many multiplications and additions). Naturally, some
algorithm versions have an inherently lower computational
cost, owing to a reduced amount of required operations.
However, if an inherently more expensive algorithm version
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Fig. 6: Spectrograms of the (CFO-corrected) waveforms and
filtered noise relevant for detection with only the first two
terms of (17). Chirps and noise contributions are colored the
same way as in Fig. 5.

offers more opportunities for storing often-used waveforms (or
filter coefficients) in memory, it may still be more appealing.
As a result, in the next section, a distinction is made between
two memory strategies. In the limited-memory strategy, only
the basic down-chirp signal (not shifted in frequency) and a
single set of filter coefficients are stored in memory, whereas
in the full-memory strategy, a set of frequency-shifted down-
chirp signals and filter coefficients are stored.

Naturally, it is important to also assess the memory cost
and detection accuracy impact of applying these strategies.
For the limited-memory solution, a relatively small memory
is sufficient to store the down-chirp signal (N = K M complex
samples) and the filter coefficients that describe the filter
Hy(e??™/T:/N). Assuming that this filter implementation is
based on a recursive filter, the number of coefficients equals
Ositter + 1, where Ogyie, denotes the filter order. As a proper
CFO correction is applied to either the received samples
(separate CFO correction and dechirping) or the down-chirp
signal (integrated CFO correction and dechirping), applying
this limited-memory usage strategy will not impact the BER
performance. However, this is not the case for the strategy that
stores frequency-shifted versions of the down-chirps and filter
coefficients in memory, as only a finite number of frequency
shifts can be realized in this way. Based on the symbol
error rates presented in [43] for a signal undergoing static
Doppler shifts, a frequency step of B/(8 M) between stored
down-chirp copies should be sufficient to limit the detection
performance impact of applying this strategy. This selection of
the frequency step will be justified by the error performance
analysis in the next section. This full-memory strategy is
expected to consume a relatively large amount of memory.
In practice, this amounts to Ngpis, times N samples for the
chirps, where Nyt denotes the number of frequency shifts
implemented. For a resolution of B/(8M), the value of Ngpift
equals 16 M AF,,,,x/ B. Finally, an additional Ngpif: (Ofgiter+1)
filter coefficients need to be stored as well.
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V. ERROR PERFORMANCE ANALYSIS

In this section, the new FSCM detection procedure varia-
tions are investigated and compared to the standard method
summarized in Section III. Each algorithm will be character-
ized by a label of the form X/Y-Z, where X/Y and Z refer to
the signal processing and memory usage, respectively.

e X denotes whether the CFO correction and dechirping

are separated (X = S) or integrated (X = I).

e Y indicates whether the dechirping is applied to the
downsampled signal (Y = D) or to the oversampled signal
Y =0).

o Z refers to the memory storage strategy. Limited memory
storage (of down-chirp and filter coefficients, none shifted
in frequency) is indicated by Z = L, and full memory
storage (of frequency-shifted down-chirps and filter co-
efficients) corresponds to Z = F. Note that Z = F can
occur only for integrated CFO correction and dechirping,
ie. for X =1

The sequence of signal processing operations corresponding
to the different X/Y algorithms, is shown in Table I.

TABLE I: Overview of detection method operations.

Detection methods

S/D /D S/O0 1/0
CFO CFO
correction correction

Digital filtering

Downsampling

Integrated CFO
correction and
dechirping

Integrated CFO
correction and
dechirping

Dechirping

Operations

Dechirping

M -point Fourier transform N -point Fourier transform

Determine symbol value

A. Practical BER Analysis

Considering spreading factors of 7 (M = 128) and 12 (M =
4096), an oversampling factor K of 4, a CFO Af = AFax +
AF, with AF,,.x = B/2 and AF uniformly distributed in
[-B/2,B/2], and perfect knowledge of Af at the receiver,
Fig. 7 shows the bit error rate (BER) performance related to all
detection algorithms, based on the applied memory strategy.
The BER is displayed versus the SNR at the input of the
receiver, where the SNR is defined as the ratio of the useful
signal power to the noise power in the signal bandwidth B:

E /T, 1 E;
NoB M Ny
For each SNR;, value, detection of random FSCM symbols
was performed until at least 500 bit errors were observed. For
a given Hy(e’?"/T+/N) and a given estimate of the CFO, the
considered detection algorithms are mathematically equivalent,
and, therefore, yield the same BER. To provide deeper insight
into the relative capabilities of each method, Table II also
quantifies the difference in SNR;, at a BER of 103 when
compared to the ideal case.

SNRin = (18)
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Fig. 7: Bit error rates observed for different memory strategies
at spreading factor values of 7 and 12.

TABLE II: SNR;,, degradation at a bit error rate of 103,

SNR;, degradation (dB)

SF=7 SF =12
Practical, memory = L 0.21 0.03
Practical, memory = F, ¢ = 1/8 0.26 0.08
Practical, memory = F, e = 1/4 0.41 0.11
Practical, memory = F, e = 1/2 1.38 0.47

o The BER curve labeled ideal assumes perfect compensa-
tion of the CFO, has Hy(e??™/Ts/N) represent a perfect
brickwall filter so that no aliasing occurs, and ignores
the suppression of the useful signal components outside
the brickwall filter passband. In this case, the detection
algorithms S/D, I/D, S/O and I/O yield the same BER
curve as orthogonal M-FSK.

o The BER curve labeled practical, memory = L, corre-
sponds to a practical implementation of Hg(e/27fTs/N),
More specifically, forward-backward filtering [53] is per-
formed to obtain Hg(e/2™fTs/N) = |H(er?7T:/N)|2,
where He(e??™/T+/N) represents a Sth-order elliptic filter
with 1dB of passband ripple and 20dB of stopband
attenuation. The limited-memory strategy is used and per-
fect compensation of the CFO is assumed. The presented
curve is valid for all of the considered signal processing
strategies (S/D, I/D, S/O and 1/O). The practical filter
causes aliasing and distortion of the useful signal, yield-
ing some BER degradation compared to orthogonal M-
FSK. It is observed that this degradation is very small,
especially for large M.

e The curve labeled practical, memory = F refers to the
memory strategy F, where frequency-shifted versions of
the down-chirps and filter coefficients are stored. As only
a finite number of frequency shifts can be handled, CFO
compensation is not perfect. Assuming that the frequency
shifts of the stored signals and coefficients are equally
spaced with spacing eB/M, a CFO compensation error
occurs, which is uniformly distributed in the interval
[—e52;, e55-]. The filter Hq(e??™f7:/N) is implemented
in the same way as for “practical, memory L”, but now
using stored frequency-shifted coefficients. For a given
€, the BER is the same for the I/D and I/O algorithms.
Fig. 7 compares the cases € = 1/8, e =1/4 and e = 1/2.
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The degradation compared to the case ’practical, memory
= L’ gets larger with increasing e and decreasing SF.
For ¢ = 1/8 and SF > 7, the degradation is negligibly
small. To investigate this issue more deeply, Section
V-B presents a theoretical analysis on the impact of the
CFO compensation error on the detection accuracy of the
system.

Overall, both Fig. 7 and Table II confirm that the strategies
applied in the proposed algorithms have no significant im-
pact on detection accuracy. Yet, it must be remembered that
employing the full-memory strategy (F) requires a frequency
spacing of B/(8 M) (or smaller) between the stored chirps for
this to be true, especially at lower spreading factors, as will
be confirmed in the next section as well.

B. CFO Compensation Error Analysis

To more thoroughly investigate the impact of the CFO
compensation error identified in the previous section, an ap-
proximate BER analysis of the FSCM communication system
which uses the full-memory strategy is presented in this
section. We ignore the signal distortion introduced by the
digital filter, so that the DFT bin values X /[¢] corresponding
to a transmitted symbol value a can be decomposed as

Xli] = M P Ali] + Qarli] (19)

where the noise contribution §2,/[¢] is the same as in (11), and
Ali] represents the frequency leakage:

| sin(w(a+v —1))

| Msin(Z(a+v—1))|

Al (20)
The parameter v denotes the normalized residual frequency
offset, which is uniformly distributed in (—g, g), with 0 <
€ <1 a design parameter inversely proportional to the required
memory size.

A symbol error occurs when |X/[a]| < max;q|Xar[i]|.
The symbol error probability SER is upper bounded as
SER < SER.y, with SERy, = >, £a PEP[i]; the quantity
PEP[i] = Pr[| Xs[a]] < |Xar[i]] is the pairwise error proba-
bility (PEP), which is a function of A[a] and A[i]. The PEPs
can be computed according to eq. (B-21) in [54]. An upper
bound on the BER is obtained as BER,,, = (1/2)SERy;.

Fig. 8 shows BER,,;, versus v, for M = 27 and M = 212,
for each value of M, the operating SNR is set such that
BER,, = 1073 for v = 0. Also displayed is BERy,

corresponding to Afa] = ’% and A[i] = 0 for i # a,
i.e. the reduction of the signal component at the correct bin
index 7 = a is taken into account, but the leakage to other bins
is ignored. We observe that the leakage to other bins impacts
BERy,, for M = 27 (especially for large |v|), whereas the
effect of this leakage is negligible for M = 2'2,

This different behavior can be explained by investigating
the dependence of A[i] on the bin index. Fig. 9 shows A[i]
for M = 27 and v = 1/4; virtually the same values of A[i]
would be obtained for M = 212, because for M > |i — al,

A[l] ~ ’sin(zr(ajtuf)i))
w(a+v—1i
We observe that A[i] takes considerable values only for i close

‘ becomes essentially independent of M.
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Fig. 8: Upper bound for the BER for normalized frequency
offsets v.

to a (say, for |¢ — a] < 10). For |i — a| > 10, the leakage
Ali] can be safely ignored when computing the corresponding
PEP[i] at the operating SNR; this is illustrated in Fig. 10,
which shows PEP[i] with and without taking leakage into
account, for M = 27 and v = 0.25; the operating SNR is set
such that BER,, = 1073 at v = 0. We can express SER
as SERyp = (1 + 6)SERyp 0, where

SERyp,0 = (M — 1)PEP, 1)

5=

1 5 PEP[i] — PEP,

M —1 PEP,
i#a

(22)

and PEP denotes the PEP when the leakage A[i] for i # a is
ignored. Hence, SER,;, ¢ corresponds to the value of SERup
when leakage is ignored (i.e. only A[a] is taken into account),
and 0 incorporates the effect of the leakage terms A[i] with
i # a; the summation in (22) can be safely restricted to the
interval [a —10,a—1]U[a+1,a+10]. For M = 27 and M =
2'2we obtain § = 0.3535 and § = 0.0408, respectively, which
confirms that the effect of the leakage on the error performance
becomes negligible for M = 212,

The numerical results from Fig. 8 allow to determine
BERyp, which is the average of BER,, over v € (—%, 5).
From BER,, at v = 0 and BER,;,, we have computed
the corresponding degradation in SNR, caused by the uni-
formly distributed residual frequency offset. This degradation
is shown in Table III, for M € {27,2'?} (jie. SF = 7
and SF = 12) and € € {1/8,1/4,1/2}. For M = 22,
the degradations from Table III agree very well with the
simulation results from Fig. 7 and Table II, which show
negligible degradations for ¢ = 1/8 and ¢ = 1/4, and a
degradation of about 0.47dB for ¢ = 1/2. However, for
M = 27, the simulations from Fig. 7 and Table II show
degradations which are considerably larger than those from
Table III. This discrepancy for M = 27 results from ignoring
in the BER analysis the distortion caused by the digital filter:
as the spectral width of the FSCM signal increases beyond
B with decreasing M, the corresponding signal distortion is
smaller for M = 2'2 than for M = 27.
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Fig. 9: DFT bin signal magnitudes for M = 27 and v = 1/4.
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Fig. 10: Pairwise error probabilities as a function of the relative
bin index 7 — a.

VI. COMPUTATIONAL COMPLEXITY

This section provides an overview of the computational
costs associated to the detection algorithm versions outlined
in Table I. Below, the computational impact of the different
operations applied in each detection method is estimated and
analyzed, providing a detailed overview of the differences
between the algorithm versions. Additionally, the average
computation times observed for each symbol detection proce-
dure are also presented. These timing measures provide a more
general view on the computational cost differences between
the detection methods under study.

A. Cost of Individual Operations

To provide a detailed analysis first, the computational cost
of each individual operation in every procedure is estimated.
More specifically, using a spreading factor of 7, each operation
in the detection procedure was executed 5 x 10° times in
Matlab, running on a single thread on an Apple Silicon M1
processor with 16 GB of memory, while measuring the elapsed
computation time. The obtained value was then divided by the
time it takes to execute the sum of two (random) floating point
variables the same amount of times. Finally, the resulting ratio
was normalized through division by M (remind that M =
25F) Hence, a normalized ratio « indicates that the considered
operation, when processing a signal segment of duration 1/B,
is equivalent to z two-number floating point additions. This
normalized ratio is shown in Table IV as a function of K,

© 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

TABLE III: Theoretical SNR degradation at a bit error rate of
1073,

SNR degradation (dB)
SF=7 SF =12

e=1/8 0.0215 0.0199
e=1/4 0.0919 0.0853
e=1/2 0.4711 0.4358

for the various operations. Under the assumption that reading
from (cache) memory is significantly faster than synthesizing
the signals on the spot, the cost associated to reading from
memory is set to zero in in Table IV. Also ignored are some
operations, such as the computation of Ogjter + 1 (possibly
frequency-shifted) filter coefficients, that do not depend on M
or K and, therefore, are much cheaper than the operations
listed in Table IV.

Let us first compare the algorithms with separate CFO
correction and dechirping (X = S) to those with integrated
CFO correction and dechirping (X = I). For both I/D and /O,
relatively large computational cost savings are achieved by
eliminating the separate frequency shifting operation, whereas
the cost of dechirping remains the same as with S/D and
S/0O, respectively, which is as expected. Next, we compare
the algorithms with downsampled dechirping (Y = D) to those
with oversampled dechirping (Y = O). Here, the application of
the dechirping and the FFT on the oversampled rather than the
downsampled signal reduces the computational cost, because
the cost of downsampling plus processing the downsampled
signal in the S/D and I/D algorithms turns out to be larger
than the cost of processing the oversampled signal in the S/O
and I/O algorithms.

In general, Table IV shows that a meaningful computational
cost reduction can be achieved when memory is actively
used, confirming the assumption that reading from memory is
usually advantageous in comparison to direct chirp synthesis.
The total computational cost’s unequal dependency on the
oversampling factor is also clearly visible. For example, to
their advantage, the standard S/D method and the new I/D
method both feature a fixed cost (w.r.t. K) for detecting the
symbol after downsampling, while the cost of frequency cor-
rection (when applied), filtering and downsampling all depend
on the oversampling factor. In contrast, for S/O and I/O
nearly all of the operations are more expensive when a higher
oversampling factor is employed. The limited memory strategy
does not seem to provide much added value to these methods
as it is only useful when CFO correction and dechirping are
separate. However, when the full memory strategy is chosen,
the true added value of oversampled dechirping is uncovered.
As a result, the combination of the I/O method with this
memory usage strategy is estimated to be the most efficient
detection method of all those under study, featuring a total cost
of 146 K + 2, with the I/D-F method following closely behind
at a total cost of 190K + 28. When K = 4, the cost of I/O-F
is estimated to be about 45 % lower than S/D-L. As shown in
Fig. 7, this substantial cost reduction comes with a negligible
BER performance degradation when taking € = 1/8. For I/D-F,
the cost reduction is lower w.r.t. S/D-L, at 25 %. Finally, the
total cost for S/O-L amounts to 216K + 2, which for K = 4
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TABLE IV: Computational cost relative to one floating point operation for different detection methods. Strategies feature either
separated (S/Y) or integrated (I/Y) frequency correction and downsampled (X/D) or oversampled (X/O) dechirping. The studied
strategies are combined with either limited memory usage (-L) or full memory usage (-F).

S/D-L I/D-F S/O-L 1/0-F
CFO correction T0K T0K
Digital filtering 120K 120K 120K 120K
Downsampling T0K T0K
Dechirping 10 10 10K 10K
FFT ~ 16 ~ 16 ~ 16K ~ 16K
Determine symbol value 2 2 2 2
Total 260K 428 190K + 28 216 K+2 146K + 2

is about 20 % less than for the standard S/D-L algorithm. In
summary, the new algorithms are estimated to be about 20 % to
45 % cheaper than the standard S/D detection procedure, while
featuring practically identical BER performance (see Fig. 7).

B. Overall Cost per Detection

To provide a slightly more relatable overview of the com-
putation times needed for symbol detection, absolute timings
were also collected on the same computation platform as
described above. The times needed to perform 103 symbol de-
tections were registered for all algorithm versions, employing
an oversampling factor K of 4 where applicable. The results of
these measurements are shown in Fig. 11, which displays the
computation times on a logarithmic scale versus SF. It appears
that the Matlab overhead related to function calls and variable
management is quite significant for lower spreading factors as
lowering the SF yields diminishing returns for reducing the
associated computation time. However, for higher SF values,
the expected linear relation of log(computation time) versus
SF is discernible.

Overall, the results in Fig. 11 support the main finding
from Section VI-A, which is the superiority of integrated
CFO correction and dechirping with full memory usage over
separate CFO correction and dechirping with limited memory
usage. While Table IV indicates that for SF = 7, the S/D
and I/D algorithms are outperformed by the S/O and I/O
algorithms, respectively, it is observed from Fig. 11 that this
trend extends to the case SF < 8, but is reversed for SF
> 8. Still, it should be noted that such minor advantages or
disadvantages can tip the scales in either direction. For exam-
ple, when using a slightly less efficient downsampling method
(more specifically: checking sample indices against multiples
of K using a modulo operation instead of calculating these
indices up front), the I/D-F method is significantly impacted,
performing worse than I/O-F for all spreading factors. (Note
that the actual data related to this sub-optimal implementation
of I/D-F are omitted from this paper.) When compared to the
limited-memory standard method (S/D-L), the computational
efficiency gain observed for I/D-F and I/O-F ranges from
19% to 36 %, depending on the SF; with an average of
29.5%. These numbers are slightly lower than the 25% to
45% baseline estimated in Section VI-A, in part because
the entries in Table IV do not include the Matlab overhead
mentioned above. In any case, it is generally clear that the
newly proposed methods are significantly more efficient than
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K =oversampling factor

the standard one, especially when sufficient high-speed (cache)
memory is available.

—*—S/D-L

=X

Computation time (s)

3

Spreading factor

Fig. 11: Computation times for 10% trial detections at a wide
range of spreading factors and with K = 4.

VII. CONCLUSION

In this paper, novel symbol detection methods for handling
frequency shift chirp symbols were proposed and compared,
both in terms of detection accuracy and computational cost.
Several strategies, such as integrating frequency correction
in the dechirping procedure and omitting the downsampling
operation by processing the received samples with upsampled
down-chirps, have been combined. Overall, the most efficient
versions of the newly proposed methods feature significant
computational efficiency gains when compared to the cur-
rent state-of-the-art, while featuring comparable bit error rate
performance. In fact, when paired with an adequate memory
usage strategy, computational efficiency gains up to 36 % were
measured for the most advanced of the proposed methods.
When adopted on a suitable software defined radio plat-
form, this significant improvement may drastically decrease
its power consumption.
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